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The processegy— m’m°7% andyy— =" =~ #° are considered in generalized chiral perturbation theory, in
view of their potential sensitivity to the mechanism of spontaneous breaking of chiral symmetry and to various
counterterms. The amplitudes are computed up to oft@f). The event production rates are estimated for
the Daphnep-factory and for a futurer-charm factory[S0556-282099)07617-1

PACS numbes): 12.39.Fe, 11.30.Rd, 13.75n, 14.70.Bh

[. INTRODUCTION condensate in the chiral limit could be excluded by an in-
equality [9] between the correlatofA ,(x)A*(0)) of two
In the limit where the masses of the lightest quark flavorsaxial currents and the two-point functidf(x) P(0)) of the

u,d, ands are set to zero, the QCD Lagrangian becomesyseudoscalar quark bilinear densiyx)=(qi ysq)(x). This
invariant under a chirab U(3) X SU(3)r global symmetry. inequality, however, has only been established so far for bare
This symmetry is not reproduced by the hadronic spectrumguantities, i.e., in the presence of an ultraviolet cutoff, .

and must therefore be spontaneously broken towards the dis the cutoff is removed, the pseudoscalar densifi)
agonalSU(3)y subgroup. Actually, this spontaneous break-needs to be renormalized, whereas tpartially) conserved

ing of chiral symmetry can be shown to follow from very axial vector currentA,(x) remains unaffected. Strictly
general properties of QCPL-3]. However, in addition to speaking, the claim of Re{8] is that <EQ>(Auv)¢0 for

the existgnce of eight massl'ess pseudoscalar states (.:OUp."fi]lgite Ayy, which does nota priori, exclude the possibility
to the eight conserved axial vector currents, nothing is

K ¢ “tirst princinles” about th wal hani of a vanishing condensate in the limif,,— o [6]. Finally,
nown from “irst principies” about the actual mechanism pqg [10] provides an example of a different approach which,

of spontaneous breqkmg Of chiral symmetry. The mdespr_ea%ithin a variational framework, leads to a nonvanishing, but

belief in that matter is that it proceeds through the formation —

of a strong quark-antiquark condensate{qq)~  nevertheless small, value ofq).

— (250 MeV)?, where(qq) denotes the single flavor quark- Clearly, in order to settle the question of the mechanism
antiquark condensate in tf&U(2) chiral limit: of spontaneous chiral symmetry breaking on a purely theo-
retical level, a major breakthrough in our understanding of

nonperturbative aspects of confining gauge theories is re-
quired. Instead, one may try a phenomenological approach,
. . . and look for experimental observables which could provide
In particular, this means that once the light quark MasS€e relevant information. In this respect, low-energym
m,, mg, andm; are turned on, the mass Of. the p1on 1S scattering in theS wave has been put forward as a process
assumed to be dominated by the contribution linear in qua”ﬁarticularly sensitive to the size of the condengte, 17
masseg4], (for recent discussions, see, e[d.3,7)). This can be most
a— conveniently seen in the framework of the effective Lagrang-
~2m(qq) o my+ My (1.2 ian[14—16. In order to incorporate the possibility of a small
F2M?2 ' ' ' condensate, the usual counting has however to be modified.
" As explained in Refs.[11,17, a consistent expansion
whereF stands for the pion decay constanf (the normal- scheme, usually referred to as generalized chiral perturbation
ization we use corresponds to the numerical vakie theory (GChPT), is obtained by takingfrom now on, we
=92.4MeV[5]) in the same two-flavor chiral limit, restrict ourselves to the case of two massless flavors) only

<aq>:<Uu>|mu=md=0:<Ed>|mu=md=0- (1.9

F=Fzlm,=m-o- (1.3 m,,mg~O(p), B~O(p), (1.9
However, our present theoretical knowledge of nonperturba-
tive aspects in QCD does not exclude a picture where thwith p being a generic momentum, much smaller than the

condensate would be much smaller, saygqg)~  typical hadronic scaldy~1 GeV, and

— (100 MeV)?, or even vanishing. How the latter possibility

may arise in QCD has been discussed recd®tly] in terms —

of spectral properties of the Dirac operator. On the other B=— <qq>' (1.5
hand, it has also been suggesf8tithat a strictly vanishing =3
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With this counting, the effective Lagrangian at lowest order,A(s|t u)=(s—2mB)/F2+- -

which consists of all chiral invariant terms of ordép?),
reads[11]

e 1
£<2>=ZF2{<DMU+D#U>+2B<U+X+X+u>+A<(u+X)2

+(xTU)AH+ZP(UT x—x"UY*+ho(x " x)

+h,(det y+detx*)}. (1.6

The matrixU collects the pion field$throughout, we adopt
the Condon and Shortley phase convention

0 _\/§W+)
\/E'n'_ -0 )

The notation is as in Ref$15,16], except thaty, the quan-
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. The difference between the
standard case and deV|at|ons from it lies here only in the
leading-order expressiofl.10 of the pion mass and its re-
lation to the condensate. Higher orders in the chiral expan-
sion will modify the simple expressiofi.11), but the corre-
lation between low-energyr- 7 scattering and the value of

the ratio 2nB/M? subsists, and can be studied in a con-
trolled way within the generalized chiral expansipt2].
Available data on low-energy- 7 phases, which are domi-
nated by the Geneva—Sacliy, experimen{19], do, how-
ever, not possess the required accuracy in order to distin-
guish between the different alternatives at present.
Forthcoming experiments, such as néd{y, experiments,
conducted by the BNL865 Collaboratid20] or planed at
the Daphneg-factory [21], and the DIRAC experiment at
CERN|[22], represent promising prospects in this direction.
In order to create ghopefully convergentset of evidence

tity that contains the scalar and pseudoscalar sources, is dgro or contra a specific picture of spontaneous breaking of
fined without the usual factori, chiral symmetry, it remains however important to explore
other possibilities, and to find other processes which, at the
theoretical level, can be shown to exhibit a reasonably strong
ependence on the value of the condensate. The present

xX=s+tip=M+---, M=diagm,,my). (1.9

The covariant derivative contains the external vector an(a

axial sources,

D,U=d,U-i[v,,U]-i{a,,U}. (1.9

ork was motivated by the above consideration and the fol-
lowing observation. A straightforward reanalysis in GChPT
of the existing SChPT calculatioi23—29 at lowest order

shows that the two amplitudes for the production of three

This is to be contrasted with standard chiral perturbatiorPions in low-energy photon-photon collisions involve the pa-

theory (SChPT [15,16], which assumes a large condensatefameter a already at tree level.

and hence the counting rule,,my~O(p?), B~Ay, so

that only the first two terms on the right-hand side of Eq.
(1.6) are taken into account at leading order. It easily follows
from Eq. (1.6) that the lowest order expression of the pion

mass is now given as by

M2=2mB+4m?A+- - -, (1.10

where the ellipsis stands for higher order corrections. At the
same level of approximation in the chiral expansion, the

- scattering amplitude can be written [dsl]

(s—g—‘Mi)+ M2

a—t -,

A(s|t,u)=
(sltw=p>——> =

(1.11

with =1+ O(rﬁ), Wh_ile at this order the parameter is
directly related to théqq) condensate through

Cas 2mB
- ‘M2

ks

+0O(m). (1.12

The casg1.2) of a strong condensate correspondsyte 1,

whereas the extreme limit where the condensate would van-

ish yields «=4. Notice that the above expression for
A(slt,u) is not affected by the additional terms in Eq.6)
and reproduces the result first obtained by Weinléasg],

We neglect the mass differencg,—my and setm,=my=m.

In the case ofy

797970, the amplitude reads

2 2
o
AN:4772F3 e Pk €k, e;g M2 +--, (113
while for yy— a7~ 7° we find
2
e
C_4 2F3 eﬂvaﬁkuevk/a&_rﬁ
™ w
(P++p-)2=M7+3 (a— M7
o2
+ Ar 2F3 E,uVaBk ﬂé/vpo( _€B+ k- p7 p+
2
€ P+ e VA&
Tkopy pﬁ) * ar2F3 Curank P
€ -p_ €
X(—e’“ Poppy &P
K'-p- k' ps
(1.149

In these expressiong andk’ (e and €’) denote the mo-
menta(polarization$ of the two photons, while@, , p_ and

po are the pion momenta. The ellipses stand for higher order
corrections which will be considered later. Diagrammati-
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configurations for the two photons does not improve the situ-
ation: For parallel polarizations of the two photons, the part
of A€ which is sensitive tar does not contribute to the cross
section, whereas for polarizations taken along orthogonal
axes, the same interference effect is again fully at work. Fur-
thermore, both cross sections rapidly rise above threshold, so
that the effect of higher orders also needs to be investigated.
The purpose of this paper is precisely to investigate these
higher order effects at the one-loop level in GChPT. In fact,
at next-to-leading order new tensorial structures appear both
cally, the origin of the dependence anlies in the presence N the neutral and in the charged amplit@®,26], whereas

of one-pion reducible contributions to the two amplitudes,the pion loops provide additional sources of dependence with
see Fig. 1. respect tav, so that their behavior with respect to changes in

Therefore, the leading-order neutral amplituge" in- the value of the condensate could be modified to some ex-
creases as the condensate decreases. For a strictly vanishift ) ) )
condensated=4), the cross section at low energies is thus__Accordingly, the rest of the paper is organized as follows:
enhanced by a factor 16 as compared to the standard case 0f€ general kinematical structure of the two amplitude’s
a strong condensater1)! In the charged case, the situa- @1d-A~, as well as their properties under isospin symmetry,
tion is less favorable. At threshold, the average over the ph2r® the subject of Sec. II. The construction of the effective

ton polarizations of the modulus squared of the amplitude i$2grangian of GChPT at one-loop order in the two-flavor
still proportional to the square af, case is briefly discussed in Sec. Ill. Section IV is devoted to

the actual calculation of the two amplitudes to one-loop pre-
e? 29|\/|j‘7 ) cision. The counterterms which are involved in these expres-
) 128 ¢ (1.19 sions and several numerical results are discussed in Sec. V.
A summary and conclusion are presented in Sec. VI. Addi-
but the sensitivity onx of the corresponding totaiross sec- t@onal material concerning the structure and th_e renormaliza-
tion (s, ) rapidly decreases with increasing energy. Fortlon at one-loop order of the effective Lagrangian of GChPT
is presented in Appendix A, and details on the evaluation of

instance, the ratio“(s,a=3)/0%(s,a=1) is equal to 4.48 : ,
at \/s=450 MeV, i.e., just above threshold, but drops to 1.6g50Me counterterms have been gathered in Appendix B.

at \'s=500 MeV and becomes less than 1.10\&=600

MeV. For the caser=2, the corresponding ratio is equal to [l. KINEMATICS AND ISOSPIN SYMMETRY
2.21 at\/s=450 MeV, but the effect is less than 25% at
Js=500 MeV, while it barely reaches a few percentat
=600. Thus, the interference between the two kinematical

FIG. 1. The lowest order contributions to the— 7 ampli-
tudes. Thex dependence it N and.A € comes from the vertex for
(virtual) -7 scattering in the first graph, which is the only one to
contribute in the case of the neutral amplitude.

1 1
= cl2 _ =
4% |‘A |thr 4

47°F,

The amplitudesA™ and A€ for the processes

structures contributing to the amplitudé®, which is re- y(k) y(k")— 7°(py) 7°(p2) m°(ps),

sponsible, at low energies, for the suppression of the cross

section in the charged channel as compared to the cross sec- y(K)y(k) =7 (py )7 (p_)m°(po),

tion in the neutral chann¢R5], also washes out the depen- (2.1

dence on the value of th@q) condensate as soon as one
leaves the threshold region. Considering definite polarizatiomre obtained from the matrix elements

(m%(p1) m(p2) m(p3) out y(k,€) y(K' ") in)=i(2m)*&*(P;—P;) AN,

(m(p)m (p-)m(Po) ouf y(k,€) y(K' ") iny=i(2m)*8*(Ps—P;) A, 2.2

respectively, with

ANk, €k’ €";p1,P2,P3) = iezéM(k)Ei(k’)f d*xe™ X 7% py) 70(po) ™0 (ps) ol T{j“(x)j*(0)}|Q),

Ac(k,e;k’,e’;po,p+,p,)=ie25#(k)e,’,(k’)J d*xe Xt (p ) (po)7(po) ouf T{j#(x)j"(0)}|Q). (2.3
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In the above expressiong,(x) denotes the electromagnetic Therefore isospin invariance relates the two amplitudés
current, with its usual decomposmon into an isotriplet and arand AN in a simple way. With the Condon and Shortley
isosinglet component, —Jﬂ—f-JM while |Q) stands for the phase convention adopted in E@.7), this relation reads
QCD vacuum with massive light quarks, but in the absence . _c .

of electromagnetisniradiative corrections to the two pro- (k&K' €":p1,p2,p3) = A"(k, €K', €":p1,p2,P3)
eesses{Z.l) are not considered hereSince we also neglect +cyclic(py,p2.ps), (2.5
isospin breaking effects due i, # my, Bose symmetry and W - o

G parity constrain the three final pions to be inlaal total ~ Where “cyclic (p1,p2,p3)"” indicates that the contributions
isospin state. Thus the matrix elements in E2.3 only  arising from cyclic permutations over the pion momenta
involve thel =1 component of the product of the two elec- P1.P2, andps have to be added.

tromagnetic currents, Up to permutations of the momenta and polarizations of
the photons, and/or permutations of the momenta of the
T{j ()i 0 H -1 =T{ 30 %0) +j 0 (x)j3(0)}. charged pions, the amplitudé© may be decomposed into

(2.9 six independent Lorentz invariant amplitudes

Ac(kae;krrer;p01p+ !pf):Ag_:(kik,;p01p+ ,p,)tl(k,e;k’,e’)

+ 2
i=2,3

C ’ ro_r k k'
Ai (k!k ;po,p+,p_)ti(k,6;k € ;pO!p+1p—)+ € A €'

+ 3

k| (K
AT (KK :po, P+ Po)ti(K €K' €5 Po, P+ ,p_)+(€)e>(€,”+[pwp-]},

i=45,6
(2.6
with (pjj=p;+p;, i,j=+,—,0)
tl(k,e;k’,e')Zeﬁmlgk“e”k’“e’ﬁ,
1. rv p7 E‘er
t2(k16;k € 3P0, P+ 1p7) /.Lvaﬁ'k Fe pO( _eﬁ+ k- p_ pﬁ—’_ kp+ pﬁ)
ts(k,e;k’,€";pg,P+,P_)=¢€ — e+ € p+7k“ k'"ple’'P
3 &y l sMOsM+ M- pvaf k' ‘e 0 1
t4(k,e:k’.e’:po,p+,p_)=emﬁ(—e“+ E'pwk“)k’”p €
K-pio
! ! — ! 14 a ! 6.p+0 €.p+
t5(k,&';k € 1p01p+ 1p—)—f;wa,8k Merpr B<k'p+o_ k'p+),
€ Py @
t6(k,e;k’,e’;po,p+,p_)=eﬂmﬁ<—ef‘+ " k“)k”’pe B, (2.7
+

In the following, we shall compute the amplitudd$” and.AN within the framework of generalized chiral perturbation theory
up to the order of one-loop. At this level of accuracy of the chiral expansion, the amplitiidgoes not yet receive its full
structure as implied by Eq$2.6) and(2.5); rather, it takes the simpler formp=p;+p;, i,j=1,2,3)

AN(K, €.k €';p1,P2,p3) = AY(K,K';p1,P2,Pa)ty (K, €K' €”)

€ -pi2
K'-p12

+ Alz\l(k,k'iplapbps)fwaﬁ< €'t~ k'“) p1,e“kP +cyclic(py,p2,P3)

k!
6!
where the ellipsis stands for higher order terms in the chiral expansion. In order th&. 8dollows from Egs.(2.5 and
(2.6), it is sufficientthat the one-loop charged amplitudglf” satisfy the following conditions(i) AS(k,k’;pg,p- ,p-)

+ — + -

) 29

€
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—Ag(k,k’;p+,p_,po) is entirely symmetric under permutations of the pion momenpa ,p_,poy; (i)
k-pol A§(K.K":Po.p+ .p-) +AG(K.K i Po. P+ ,p-) 1=K p[AF(KK ;P ,Po,p-) +Ag (KK ;ps . Po.P-)]; (iii)
Ak, ;po,p+ ,p_)=AE(k,K";p; ,po,p_). Furthermore, the two neutral amplitudes have then the following expressions in
terms of the charged ones:

1
3AS(KK':p1.P2.pa) + AS(K.K':p3,P1.P2) + AG(KK';P1.P2.P3)

AYKK';p1,P2,p3)=—AT(kK';p1,p2,Ps) +

2
+ AZ(KK';p2,p1,pa) + AG(KK':p1,P2,Py) + AG (KK, P1,P3) + A5 (KK :p2.Pa,P1)

k Kk’ )
+ (E><—>( 6,) +cyclic(py,p2,P3), (2.9
|
and where£ =37, ) with k+2l=d. The generalized frame-
work considers the possibility that the condensate could be
— AY(k,K";p1,p2,P3) =[ A5 (kK ;p1,P2,P3) much smaller than usually believed, so that for the actual
c ) values of the quark masses one could hayg,~ B/2A and
+Ag(k,K';p1,p2.P3)] still Myua<Ay. This leads to a different reorganization of

, the double expansio(8.1), namely,
+[p1Pa]+ AS(KK';p1,Ps.Ps) pansiofs.1) Y

, ff_ 7(2) L 7B L P(A) L p(B) L Pp(6) 4 .
+AS(kK';p2,p1,Ps). (210 LM=LE+LO+ LW+ LO+ 2O+ ... (3.9

where now, according to Eq1.4), £®=%B"Ly with k
Ill. THE EFFECTIVE LAGRANGIAN IN GChPT +l+n=d [11,17.

Before proceeding with the calculation of the amplitudes The Iea9|rzlg O“?'er _Of the generalized expansm'n IS 'de-
AC and AN in the next section, we first discuss the main S¢ribed byZL®), which in the two flavor case was given in
features of the structure of the low-energy generating funcS€¢: | Eq.(1.6). For our purposes, we need only to consider
tional in the case of two light flavors that we need for ourthe situation without an axial source, and with the vector
subsequent calculation. Additional details and results otherSource restricted to theelassical photon fieldA,, ,
wise not available from the existing literature are presented a,=0, v,—eA.Q 3.5
in Appendix A for the convenience of the interested reader. e mer '

The structure of the effective Lagrangiarf” is indepen-  \yhere stands for the charge matrix of the two light quark
dent of the unc_ierlylng mgchanlsm _of_s_pontaneous Ch'raflavorsu andd,
symmetry breaking. It consists of an infinite tower of chiral
invariant contributions 0

. (3.6
0 -3

wIinN

Q=
L= Loy, 3.1

th) In GChPT, the next-to-leading order corrections are of

. . L order %), and still occur before the loop corrections.
where L, |y containsk powers of covariant derivatives ahd o(p?) =) ) P 2
powers of the scalar or pseudoscalar sources. In the chirdN€y are embodied it =L, 1)+ L(o5), which read
limit, these terms behave as

~ 1
LO=ZFH2(D, U D U(x U+ U" ) +pfA(x " U)?

k [
r _ i (mquark (3 2)
(k1) AH AH ) . +(U+X)3>+p(22)<(X+U+U+X)X+X>
2 2 2
With My,ai= M, , My, andp stands for a typical external mo- +pP (X TU-U (X TU)*= (U 0)?)
mentum. The standard approach not only assumgg, +P512)<(X+U)2+(U+X)2><X+U+U+X>

<Ay, but alsomg,<B/2A, such as to enforce the domi-
nance of the term linear img,, in the expression of the
pion mass(1.10. This allows us to reorganize the double

expansion3.1) as[15,16 2The superscript2) is meant to distinguish the low energy con-
stants£(®), pi(z) from the similar ones that occur in the expression of
L= @@ p®) . (3.3  Z® in the three flavor casgl1,17.
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+p P XN xTU+UT YL (3.7 inthe literaturé [30,31,27. Borrowing from the last and
most recent of these references, we obtain

From order®(p*) onward, the contributions t6 ¢ come 1
ith ei intrinsi it (@) = 7(d) 4 7(d) _ . ) N .
with either evEn c+)r odd lntr|n5|c parity;*™ = L7+ LV for. /3(4,1)=mEﬂyaﬁ{'A4<[X]—[G“ 1[G ) +iAg([x]-)
d=4, or L 1y= L1y + Lk, for k=4. The tree-level contri-

butions at orde®(p™) in the even intrinsic parity sectoare X([GH"],[GF].)
contained in

B +A1[D*U]-[D"U]-([x]-[G*]+
/;:(:1): L(t]_’o)+ £(2’2)+ £(0’4)+ BZ,C(IOYZ)‘F BE(’2'1)+ BE(’O‘?é 8) + [Gaﬁ] N [X] 7)>

. o N +A1[D#*U] [x]-[D'U] [G**].)---}, (3.1D
The part without explicit chiral symmetry breakingy, o) is

described by the same low-energy constdntsl,, Is, lg, and
andh, as in the standard cag#5],

1
- = H v @ B
Iy P £(6,0)_ 26;/.V01B{|A2<[D#U]7([D G” ]+[Gy]+
E&,O):Z<DMU+DMU>2+ Z(DMU+DVU><DMU+DVU> 4ar

il _[GW]+[DVG€]+)>

|

+I5(FILWUFL“"U+>+ 76<F5,,d“Ud”U+ +iA4([D*U]_([D,G""],[G*].
—[G"].[D,G*],.—[D.,G*] . [G"

+F|';Vd,uu+dvu>_(2h2+ %|5)<FZVFR,,W [ ]+[ Yy ]+ [ y ]+[ ]+
+[G**1,[D,G"],))

+FL FLer). (3.9
+AZ([D*D"U]_([D,U]-[DPU]_[G*"],
The contributionsC;, 5y and £ 4) associated to quark mass —[G’”L[DBU],[DYU],))

corrections are displayed in Appendix A. Notice that in the

standard framework the contributions frofjy, ,) and from +A8<[D“DVU],([DBU],[DyU],[GWL
L4 would count as orderO(p® and order O(p®), p
respectively’ —[G*"],[D,U]_[DFU] ))+---}. (3.12

Next, we turn to thexdd intrinsic parity sectarThere, the ) )
first contribution starts at orde®(p*), and since it is en- Here, we have only listed those terms that will actually con-
tirely fixed by the short distance properties of QCD, there islfibute to the processes under study, when the mass-shell
no difference between the standard and the generalized Ca§é>,”d'ti'(0“5 for the momentahand ﬁolarlzatlins OLthe phgtons
) _HA)_ p - : . are taken into account. We have however kept the numberin
LE=LB=L0. In the two flavor caseL ;g vanishes in f the low-energy constants introduced[27] k?ut we have ’
the absence of external sources. In the presence of an elec- ; X . ’
tromagnetic field, it reads Or convenience, chan_ged. their no_rmallzatlon by an overall
' factor 1/472. The notation is otherwise as [@7], except for
the fact that the source does not contain the factoi®2 see

e
Lao=1g2 € PALQ(IUIUT9,UU" Eq.(1.8. .
a The last piece we need for a full one-loop computation of
~9,U"3,Ua5U"U)) the amplitude$2.3) ig Ligp- It counts as orde@(plg)_in the
, standardcase, and is not available from the existing litera-
ie va ture. These contributions, which are ord®m?) corrections
— a2 P9, AA(Q%IUUT+QUTd5U _ ordm') ) .
T to L, 0), are expected to be small in the two-flavor chiral

expansion, and will be parametrized appropriately in the one-
loop expressions of the amplitudes® and AN given in the

. . N c next section. The determination of the combinations of low-
The computation of the amplitude$” and.A™ to one l00p  gnergy constants that enter these amplitudes will be dis-
also involves the counterterms frofi® =L, ;) and from  cyssed in Sec. V below.

ZZ(_6)=£(_6’0)+ L7- In the standard case, botf,,, and When studying a given process one also needs to take into
L 0y count as orde®(p®), and have been discussed beforeaccount contributions from pion loops, which produce diver-
gences that are eliminated by a renormalization of the low-
energy constants of the effective Lagrangian. We have com-
puted this divergent part of the one-loop generating

~1QUQJLU™ +3QU*Q4,U). (3.10

*The standardO(p®) effective Lagrangiant =L g+ L1
+ Lot Lo3) has been worked out in Ref27] for the case of
three light flavors, and very recently, for both two and three light
flavors, in Ref[28]. 4For a review, seg29].
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functional in the even intrinsic parity sector using standard(l_G) and (3.7) as standing for the combination&®

heat-kernel techniques, and we have then performed the cor-
responding renormalization of the low-energy constants in

the same dimensional renormalization scheme as describ&d"™" -
h_mallzed, scale dependent quantities. We shall adopt the latter

in [15,16. Thus the low-energy constants display a logarit
mic scale dependenceX(u) denotes generically any of
these renormalized low-energy constants

I
><<m=xw'>+mTX)2~lnm'/m. (3.13

The full list of the resultingB-function coefficientsl'y is

given in Appendix A. Let us however mention here that at

order O(p*) the low-energy constants @? andZ(® also

+B2L {02 andL®)+BL(, 1+ BL 3, respectively, with the
rresponding low-energy constants representing the renor-
ol p g ay p g

point of view in the following.

We have not worked out the general structure of the di-
vergent part of the one-loop generating functional in the odd
intrinsic parity sector. For SChPT, this has been done in
Refs.[32,30,33.

IV. THE ONE-LOOP AMPLITUDES

Having constructed the effective Lagrangian in the pre-

need to be renormalized. The corresponding countertermsgding section, the computation of the amplitudé8 and

however, are of orde®(B?) and O(B), respectively, and
they are gathered in the three last terms of E9): in

A€ at next-to-leading order becomes a straightforward exer-
cise. We begin with the one-loop expression of the neutral

GChPT, renormalization proceeds order by order in the examplitude AN, whose structure at that level of the chiral

pansion in powers dB. Alternatively, one may think of Eqgs.

0 .
AT 7Y A0 2 2 p3s)
s—M?2

AT(klk,;plva!pB)z

e2

4m7F3

1
X| P M+ Z(a—1)M7

ks

w

+1 1)M?2
§(a—) .

ks

o
and

2

AN(K'; = & Rk Py Pl M2+ = (a—1)M?.
2 (K, :pl,pzaps)—zﬂ_zFi (P12.K-P1o)| P~ M7 3(a IMZ 1.

This second amplitude, which was absent at tree level,

1— 1
+F—ZJ<p§3)[p§3—Mi+ J(a=1M]

i_ 2 K- D/ 2 K’ 2 2 E _ 2
+F2[R(p23v P23) + R(P23,K’ - P23) ]| P23 Mw+3(01 M7

expansion is given by Eq2.8), with

1 1. 241 ~2+m 1 2 1 2
E(’B_l)+ Emt(ﬁ—B)—ath —4mt" — ygot F—z()\1+2)\2)(s—3MW)+ ;J(plz)

m T

1— 1
+F_2J(pia)[pis_Mi+§(a_1)Mi}

+ 2 IR, k- pr) + R(PZ K- 2—M?
F2[ (P12:K-P12) T R(P12.K' - P12 || PT,— M7

ko

i_ 2 K. D/ 2 kl‘ 2 2 E _ 2
+F2[R(p13. P13 T R(P13.K' - P13 ]| P1s— M7+ 5 (a—1)M7

, 4.1

4.2

is entirely generated by the pion loops. The numerator of the

contribution which develops a pole at Mf, in the expressiori4.1) of AT is given by the product ofd ’TO*W, which is
related to the on-shell amplitude of th€— yy decay through4(#°— yy)= —tl(k,e,k’,e’)A”OH”, times the amplitude

A000qp2, n2. p3g) of virtual -0
O(p*), respectively, of these amplitudes read

o2
A=Y=

4m°F ,

and

[1+mt+M2t’ + m?t"+2m?a,],

scattering p2,+ p2s+ p3s=s+3M2). The expressions, at ordé?(p®) and order

4.3
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2

. aM7 1
APl s PR =z o (Mt 200)[(PEy= 2MD) P+ (PTa= 2M D) "+ (P 2MD)7)
1— 2,2 1_ 4 o 2 2
+F_4~](p§2)[<p12 M +3M2 +7Mi+FJ(pi3)[(pi3—§Mi+§Mi —I—?Mi}
1— 2 42
+FJ(p§3)[<p23 M +3M2) +?Mi}. (4.9

ks

The various parametets, 3, N1 5, and g involved in the expressiong.1) and(4.4) are given in terms of combinations
of the low-energy constants of the effective Lagrangi4ti, displayed in Sec. Ill and in Appendix A, and of chiral logarithms
due to the pion loops. They read

F2 . -
E|\/|§Ta=2mBJr 16m2A

+m3(81p{P+ pl2)+ 16402+ 2p)) — AM2 M@ + 16m*(16e, + e, + 32f 1 + 34, + 2f 5+ 72f , + 6agA)
2

- 1 M
—8M2m?(2b,— 2b,—az—4c,) — = [2M%+102m°M2A+ 264m4A2]InM—

167
4
= — T 44MPMIA+ 264" A%, (4.9
MZ 2
B=1+2mé? —am?(£2))2+2m?(3a,+2a;+4b,+2b,+4c,) — . 2F2(ln — +1|[6+5(a—1)], (4.6)
|
1 (= 4 Finally, J(s) denotes the Chew-Mandelstam functiig¥],
)\1_48772 - 3/ (4.7) the usual scalar two-point loop integral subt_ractedsalo
(for its expression, see Refl5]), whereasR(p?k-p),
which is related to the three-point scalar loop function, is
. 1 T 5 given, fork?=0, by
> 487°\ % 6]
s (k=p)? — 2 2
Yoo=M?(3a,+ 2a3+ 6b,+12c;) R(p%k-p)=C(p? k-p)— 7~ 4k, [J( (k=p)A)=3(p?)]
M2 2 1
A AR (4.8 St (4.10

The parameterg t’, andt” contain the contributions from
L1y, Le0)and Ly, 5, respectively. In particular, from the with (o= V1-4M2/p?, o' = \1—-4M2/(k—p)?)
formulas(3.11) and(3.12 we derive

2

32 ) B ofo—1 12 o' -1
(4.1)
t=— §(A —2A,) 4.9 For the charged amplitudel©, the general structure is
32 3 ' more involved, see Ed2.6), and at one loop we obtain
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0 .
AT HyyAOO,+—(p2_,p2 ,p2_ )
AS(KK';po.ps Po) = —r

e et B - S DM+ 2y M o2
477_2':?7- E(ﬁ ) Emt(ﬁ_ )_g(a_ ) 7Tt ’y+, §’),+7 F_i(p+7_ 77)

N2” 2ggn? )(p+0+P 0= 4M7 )+—zJ(p+ )[3p% _+4(a—1)M2]

tez
F7T

1 /A2 2 2 2 1 /A2 2 2 2
+FJ(p+o)[5p+o_14Mw—2(a—1)|V|7]+FJ(p-o)[ﬂO—o_14'\/'77—2(“—1)'\/'77] ,

(4.12
2
c ' e ' 1 / 2, .2 2 11—, 2 2
AZ(KK'iPo.P+ )= 51 6467, = o [(K = po)*+ Plot Pl — Z2 (PRl [4M Y — Pl
1 2 2 2 1 ’ 2 2 ’ 2
— g2I(PZ0)[4MT—pZ o]~ =2 (K" —Po) NAMZ — (K" —po)“] (4.13
2 4
AS(kK';pg, P p-)="— por R(p% _k-pso)|pd_+ 3(a—1)Mi}, (4.14
e’ |1_ k-p 1 _
AE(k,k’;po,m.p_):—MzFSI53((k'—p_>2)Mi(4—k,p:0—1 + 5[k =p)?)=3(p0)]| P o+ 2M7
1 P 2_ 2 k-p K-pi Pio 2
5 ™ (4M7 —pio)+ k- p 2 _7p2,+6k- p+0)+2k 5o K-Dia (p3o—4M?2)
R( P-o 1 Pio
+R(p%,:k- — M2+ 2k- (——1)—— -1 M2}+ (1_ )
(ProkPro) Prlkpio gle” DM K-p+o
1 2
=l (4.15

2

C ’. _ ¢ 2 2 _ (! 2 2 _ 1
A (kK" po,py,p-)= J(k'—p)A[4M2— (k' —p_)?]= (P2 o) (4M2—p? () a? ——Kpiof, (416

24m%F?,

C ’. e2 1— ’ 2N 1/ A2 2 k 2
Ag (kK ’po’phpf):_ﬁzFi E[J((k —p-)H)—I(p% )| Pio—4MZ—6k- p++4k (p+0 M?2)

K-py 2 ' 2 P+ 2
+—( )2p+o( M2 —p?o) ——J((k p-)9) k- |oo+2l\/l77k oo +R(PG 03 (k—pro)d(K-p.)
Pio 1 kp, ( k- p+) 1
x[2- k'—p_)%+ k- ——k- 4.1
K-pyo|] 3272 Kpoo' < P 9672 PP 0 b p 14472 PO 412

The amplltudeAC again contains a contribution with a pole st Mw, which is given by the product of th@(p®) =°

— yy amplitudeA ™~ times the(off-shel) 7°7°— =+ 7~ amplitude.4°%*~, with
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o B 4 1 N Ao
—ART(PL L0 o) = | PR gME o aM T e (PT —2MD)M Eal(pTo2MD)H (P —2MD)7)
1 4 5 2 4 2 2]
= 2 2 _ " np2 - 2 _ 2 _ “m2_ = 2
+6F:‘; (p+—) 4(p+ 3M7T+6aM7r) (p+ 3Mﬂ' 3aM17

2

1 — 4 2 ]
+F|::17\](pio) 3(pio_§Mfr—§aMfr +(pi—_p2—o)(pio_4Mi)_

1 — 4 2 2 ]
+ 12FiJ(p2_o)[3< p2o— §M§T— §a|v|§, +(pi_—pio)(p2_0—4|v|§7)_, (4.18
|
wherep? _+p2,+p2y,=5+3M2. 5y._, and 5y’ _ themselves are scale independent. Since
The remaining parametets, - andy’, _ which appear in we have not worked out the structure of the one-loop diver-
the amplitudesAC, Ag contain the contributions from gences of the generalized generating functional in the odd
the low-energy constants and chiral logarithms intrinsic parity sector, we could not perform these checks
explicitly.
5 zZ M2 From the above formulas, one may infer the expressions
Y+-=—m(a,+2b,+4c,)+ Wm?(a— 1) of the amplitudes in the standard c486,26. Since only the
m result for the neutral amplitudd N was displayed explicitly
MfT 7\ ., in Ref.[25], and the expressions of the amplitudég in the
+W a=3 +m< oy, (4.19 charged channel are only available from the unpublished

work [26], we describe in some detail the necessary steps to
' g2 2 obtain them. Their general structure is of course unchanged,
Vi - =8M(2A15~ Agg) +8MZ (A7~ Ag) the differences occur only in the expressions of the various
2 2 combinations of low-energy constants that are involved. In
s In— + M2y’ _. (4.20  particular, the contributions fronf o3, L£2.2), L0.4), and
32w u L 4 » are relegated to high ders. For th -
w “2) gated to higher orders. For the remaining con

+6mlag—

. . . _ . h ith th | SChPT ion i
With the expressions given above, it is straightforward tostants, the correspondence with the usual SC notation is

check that the three conditions listed before &9 as well given as follows:

as Eq.(2.10 are satisfied, which provides a nontrivial check 2 M2
of our calculation. The isospin relatid8.9) implies that the me@) = _ (|_4+In—”> ,
condition 16m°F7 ?

2 2

T2 " T - -

2+3y4 -+ Yoot m—m (2a3—3t") (4.21 ag=1+ o (41,—313—1),
must hold. This requires that the contributions of g ,) 2
counterterms toy, _, which we have denoted as?sy. _ Bs=1+ %(Ir 1),
in the expressioit4.19, have to satisfy 8mFs
3t"+38y,_=0. (4.22 Yoo,s&= 0,

The contributions of thel,, counterterms to Y, B MfT
m?8y’. _ in the expressior(4.20), are not constrained by Voo™ 727°F2’
isospin symmetry.

Upon using the information provided by Table Il in Ap- , 5 2A,—Ags
pendix A, it is straightforward to check that, 8, and yq Vi s=8MZ| Ar—Agt ~ B
are scale independent by themselvib® parameters; and
N\, were directly expressed in terms of the scale independent M2 M2
qguantitiesl; and |, defined in Ref[15]). In order for the - 3972F2 |”?- (4.23

amplitudesA4 ”OH”, AN, and A to be independent of the
subtraction scalg:, the parameters t’, t”, y, _ andy’, _ We have checked that upon substituting these expressions
must be separately scale independent. This requires thaito the one-loop amplitudestN and A€ given above, we
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recover the results of the standard case, up to the contribuTABLE I. Values of 8, yqo andy, _ for different values ofx.
tions from the counterterms contained tirand t’, which

were not included in Ref§25,26|. a B Yoo 10° Y4 X10°
1.06+0.06 1.103-0.008 0 -3

V. COUNTERTERM ESTIMATES 15 1.06+0.06 8+3 —57+08

AND NUMERICAL RESULTS 2 1.07+0.06 16+5 —84+16

In order to make numerical estimates for the cross sec2.5 1.080.06 24-8 —11.0+24

tions based on th&(p®) amplitudes, we first need to fix or 3 1.11+0.06 32£10 —13.7x£3.2

estimate the values of the various counterterms involved.
(i) N1,\,. At order O(p%), these parameters are related to
I, andl, through Eq.(4.7). The values of these low-energy the correspondence between the valuexcdnd the size of
constants in the standard case have been the subject of rilre condensate, due to the lower number of unknown coun-
merous studies in the literatuf&5,35—-38. A first determi-  terterms involved, and due to the absence of large contribu-
nation at orde®(p*) was given in Ref[15], using informa-  tions from the chiral logarithms induced by the kaon loops
tion from the D-wave w-m scattering lengths. The [41]. However, the results of Reff12] are sufficient for our
corresponding values, taken from a recent numerical reanalysresent purposes, and we shall not pursue that matter further.
sis[39], are Once « is given, the parameteg is also constrained by
low-energy 77 data. The correlation betweesm and g,
which results from the Morgan-Shaw universal cufé€],
has also been studied beyond leading ordeflil, and is

l16=—21554.30, |,5=5.84+172, (5.1

leading to g e
summarized in Fig. 6 of that reference. For the subsequent
N ol=(—7.35£9.06 X 103, numerical analyses, we shall take the values given in Table I.
The values given in the second line of this table correspond
N26L=(10.57£3.63 X102, (5.2 to the one-loop values and B, of the standard case, which

. . follow from the expressions given in E@t.23), and from the
The parametera; and A, can also be determined directly, P g .23

via a set of rapidly convergent sum-rulgg0], from the Vvalueslz=2.9+2.4[15], 1,=4.4+0.3[43]. Two points are
knowledge, at two-loop order, of the-m scattering ampli- Worth being remembered. The first is that, independently of
tudeA(s|t,u) in GChPT[12], and from medium energy data the value ofe, B stays close to unity. The second point is
on 7w phase shifts. The values obtained this way correthat the standard case allows us to make a very precise pre-
spond to a determination at ord®p®). They depend only diction for the value ofa at order O(p?), viz. ag=1.06
very weakly on the values of the parametersand 8 when +0.06. Furthermore, this value is barely affected by the cor-
the latter are varied within the ranges specified below, andections at orde©(p°®): The analysis of Ref.38], based on
read the results of[37], gives ag=1.07+0.01 andB4=1.105
5 3 +0.015 at next-to-next leading order. Therefore, any signifi-
A=(-6.1£2.2)X107%  X,=(9.6£0.9x10°". cant deviation of the value a& from unity would provide
(53 evidence for a departure from the standard scenario of chiral

These values are compatible with those given in &), Symmetry breaking with a strong condensate.

but are affected by much smaller error bars. The analysis (iii) t,t’,t". The constants, t', andt” appear in the ex-
may even be refined in the standard case, using the informgression of ther’— yy amplitude(4.3). The uncertainty on
tion on the SChPT two-loopr-7 amplitude obtained in Ref. the experimental value of the decay rdfd, I'(7°— yy)
[37], leading to the following valueg38]: =7.74+0.56 eV, only yields a very weak constraint on the

. . . 0 . ~

Ny o= (—5.7529% 1073, Ap=(9.3+0.5)x 1073, combination that appears ind™ 77, viz. Mt

’ ’ (5.4  Tmt"=(0.03.6)x10 “. This is comparable to the esti-

mate one would obtain through naive dimensional analysis

(if) a,B. At leading orderg is directly correlated to the size [44]. In addition, as shown in Ref45], isospin breaking
of the condensate, see Hd-12. As such, the value o is  effects can be sizable id ™ ~?”. Further information may
not predicted by GChPT, but remains a free parameter, thgfe optained by making use of the sum-rules considered in
cana priori be varied in the rangesta=4. At orderO(p*),  Ref.[45]. The corrections due td were however not taken
the relationship betweea and the ratio B/ MfT becomes into account there, but the analysis[db] is easily extended
more complicated, as shown in E¢.5). The corresponding to the more general situation. In the generalized case, a simi-
next-to-leading and next-to-next-to leading corrections havéar set of sum rules can be established, but they do not yield
been estimated in Reff12] (see in particular the Figs. 8 and complete information on the three constants, andt”. We
10 in that referenge Notice that the analysis of Refl12] have summarized this analysis in Appendix B for the inter-
was done within the framework &U(3), X SU(3)g chiral  ested reader. Here, we only quote the values that we shall use
perturbation theory. Working with only two light flavors as in the sequelthe estimate fot” follows from naive dimen-
in the present paper might further reduce the uncertainties isional analysig
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0.01 T
0.001 - 1
0.0001 | § FIG. 2. The cross section
. oC(s,a) (in logarithmic scalgfor
2 yy— o 7° as a function of
© the center of mass total energy,
1x10°8 | 4 for three values ofr, compared to
[ 1 the corresponding curves for the
tree level cross sectiomg.s, @).
'IX'IO-6 _- -_
1)(10'7 1 1 1 1 1 1 1 1 1
0.41 0.42 0.43 044 045 046 047 0.48 0.49 05 0.51
Vs (GeV)
ﬁ‘lt=(6i12)><10_3, Mit’z(—3t3)><10‘3, We have _use(M =M 0=135 MeV in.the amplitude and
the experimental values, as quotedfn, in the phase space
. . integrals.
M’ ~=1Xx10"" (5.9 Let us first concentrate on the standard case-{)

which has been discussed before in the literature. In the en-
(iv) ¥00, 7+~ ¥4 - - The main difficulty in obtaining numeri- ergy region that we are considering, the correction as com-
cal estimates for these parameters comes from the lack gfared to the tree-level cross section does not exceed 30%, if
knowledge, in the generalized case, on the contributiongye consider the central values, except very close to thresh-
from the low-energy constants &f:, ,. In the spirit of vec-  ¢|d, where it can reach 60%. This agrees with the unpub-
tor meson dominancé/MD), we have estimated the contri- |ished resul{26], but is much less than previously found in
butions of vector mesons to the two amplitudéS and.A®,  [25]. On the other hand, the error bars induced by the uncer-
as done in Refl.25] for the standard case. This way, we find tainties attached to the various counterterm contributions that
thatt, t’ andt” receive no contribution, whereas the contri- enter the@(ps) amp]itude are important_ A closer ana]ysis

bution to ygo, ¥+-, andy’, _ read (see also beloywreveals that the main contribution comes
from the uncertainty on the value af; given in Eq.(5.4).
3 M2 This shows also that the sensitivity of the cross section on
Yodvmp = ¥+ —lvmp =0, y;,l\,MDz—Z —;~—0.024. the O(p®) counterterms becomes already sizable even at
My such low energies. Coming now to the dependence with re-

(5.6 spect toa, we see that here also the higher order corrections
have a deep influence and upset the situation that prevailed at
We take Eq(5.6) as the values of these constants at the scal@ee level. Fora=2 the one-loop cross sections are sup-
u~My=770 MeV, and estimate the error associated to theyressed as compared to their tree-level values, and become
VMD approximation and to the presence of the low-energyeven smaller thaw (s,1) as the energy increases. The cor-
constants fronC(, , in the expressions ofgoand ofy, _ by  rections to the tree-level results are largest in the vicinity of
varying the scaleu of the corresponding chiral logarithms the threshold, where however the cross sections rapidly drop
between 500 MeV and 1 GeV. The resulting values+fgs  to zero. In the second half of the energy region shown in Fig.
and y, _ are shown in Table I. In the case of, _, we 2, the relative corrections in the cross sections amount to
obtain a constant value which, to a very good precision, i$0% or less, which is a typical size of one-loop effects. Un-
compatible with zero. fortunately, the present theoretical error bars make it difficult
With the above inputs at hand, we may now consider &o disentangle in practice the different situations, as far as the
few numerical applications. In Fig. 2, we have plotted thedependence om is concerned, from the knowledge of the
tree-level and one-loop cross sections for the charged chatetal cross section alone.

nel, atcree(s, @) and o€(s,a) in the threshold region & ,. The cross sections{fee(s,a) andoN(s,) in the neutral
</s<0.5 GeV, where we expect the one-loop expression othannel have been plotted in Fig. 3. Wheregs s, @)
the amplitude to be reliable, and for different valuesaof ~ ~ @2, the corrections are seen to have an even more drastic
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001 N 1 T 1 1 T 1 1 1 T 1
0.001 -
0.0001 | . FIG. 3. The cross section
N aN(s,a) (in logarithmic scalgfor
2 yy— m°7%7° as a function of the
e center of mass total energy, for
1x10° | 4 three values of. Also shown are
[ 1 the corresponding curves for the
tree-level cross sectiomy.s, @).
1x10° [ N
1X10-7 1 1 1 1 1 1 1 1 1
04 041 042 043 044 045 046 047 048 049 05  0.51

Vs (GeV)

influence on the behavior of the cross section as a function atharged case. However, this would still require that the one-
energy than in the charged channel. Unfortunately, as far dsop corrections be comparable to the tree-level contribu-
the dependence amis concerned, the picture is again totally tions.

blurred by the uncertainties, which, for the sake of clarity, ~Actually, this happens to be the case, as follows from Fig.
we have not shown, but which are even more important thad, where the cross sections obtained by taking into account
in the charged case. On the other hand, the loop correctioribe contributions l‘romél’iI only have been plotted for differ-

to the tree-level cross sections are very large, even at smatht values ofe. While the error bars are now small enough
energies. One might think of ascribing this feature to the factn order to distinguish thex dependence, the one-loop cor-
that, contrary to the charged channel, the neutral process igctions however are indeed very important, and a closer
described by a single amplitude at tree level, while the loopmnalysis reveals that they are almost completely dominated
corrections bring in additional amplitudes, which might thenby the contribution of the pole part in E@t.1), given by the
result into similar destructive interference effects as in theoff-shell amplitude.4 %% displayed in Eq.(4.4). At tree

0.01

0.001 [ -

0.0001 I~ ] FIG. 4. The cross section
= O'A?(S,a) for yy—w’#7°#° ob-
[=
Y tained by taking into account the

. contribution from the amplitude
x107 ] AY alone, for different values of
.
1x10° | y
1x107 I 1 I I I I I I 1 I
04 041 042 043 044 045 046 047 048 049 05 051

Vs (GeV)
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level, this amplitude is constant and given b2/F2. At  nately, we have not found a simple way to extract the con-
threshold p2,=p2,=p2,=4M2), the corrections to this tribution from .4} only; for photons with perpendicular po-
tree-level value represent 110% fer=1, 70% fora=2, and larizations, the two amplitudes contribute, and the
60% for «=3, and they are dominated by the momentumdestructive interference between them is again at work, while
dependences which arise at the one-loop léttet correc-  for photons with parallel polarizations, only the very small
tions induced byr; and\, alone do not exceed 30%As  contribution from A}, which vanishes at tree level, is
one moves away from threshold, these corrections t@jngled out. We have therefore tried to investigate whether
ReA%% which remain always positive, become even|ooking at more refined observables than the total cross sec-
larger. At this stage, it is hard, without doing an explicit jons allows us to reach better perspectives from the point of

calculation much beyond the scope of the present work, tQiaw of the dependence with respect do We have, for
assess the effects of higher order corrections®¥s,a). On '

the other hand, if we consider what happens for the on She[[:vstance, considered the invariant mass distribution of the
Y =T e ) o charged pions in th 7~ 7% channel. The result
w070 7970 amplitude, which is given, at the®#° thresh- ged p §y—m om m

s is shown in Fig. 5. As one may observe, the error bars are
old piZ:4M§T_’ P2s= pi4=| 0, by the combinatiom+2ag _Of, _ much less imp%rtant than for thye total cross section, and the
m—m scattering lengtha, , we can at least see a possibility itterent values ofx can be distinguished over a substantial
why these corrections could be small after all. kor 1, the  hortion of the energy range that has been considered. Actu-
one-loop corgecno?s represent an increase of 60% in thgyy analyses of this type usually require sufficiently high
value of thea, +2ag, whereas they only amount to 25% for statistics, which also represents a problem in the present
ag and to less than 5% faj3 [15]. The two-loop corrections case.
to aj+ 2aj are however small, around 6% far=1 [37,34. Indeed, in both channels, the cross sections are very small
Similar statements can be made for different valuesxof at low energies, orders of magnitude below, for instance, the
and/or for the behavior of the cross section for elastic scateorresponding cross sections for the— 7 processes. We
tering of neutral pions in the low-energy domain. have therefore also estimated the numbers of events that

Thus, in both channels the origin of the large error bars icould be expected at a” —e™ collider for the two-photon
a consequence of the highly destructive interferences beotal invariant mass/s below a maximal energg . As
tween the various amplitudes. In the charged case, this intetypical examples, we have considered two instances of sym-
ference was already present at tree level, and is even somgretric e* —e~ colliders. The first case corresponds to the
what enhanced by the loop effects. In the neutral case, thBaphne ¢-factory [21], with a total beam energy dfpeam
stronga dependence of the single amplitude that contributes=510 MeV, and a nominal integrated luminosity of 5
at lowest order is, in a similar way, washed out by the inter-x 10f nb=* per year. The second case concerns@harm
ferences between the two one-loop amplituddSand A} . factory configuratiorj46], with a beam energy four times as
In the latter case, the importance of the interference effectiarge as for Daphne, and a design integrated luminosity of
with the second amplitudﬁ’z\I appears clearly upon compar- 10’ nb™! per year. The numbers of events are obtained upon
ing Figs. 3 and 4for the standard case, a similar observationconvoluting the above cross sections with the corresponding
was already made by the authors of REZ5]). Unfortu-  photon luminosities quoted i7] (since we are not inter-
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TABLE Il. Number of events foryy— =" 7~ «° and for yy— #%#°#° at a r-charm factory as a

function of the maximal energk . (GeV), and the principal sources of error.

Mode Emax(GeV) a #tevents  A(#event$ AN, AN, AB Amt
1 16 4 3.3 1.3 0.3 1.3
0.50 2 11 1 1 0.2 0.2 0.4
3 12 2 1 0.6 1.8 0.5
1 56 11 9.7 3.6 0.6 35
ata w0 0.55 2 40 5 45 1.3 0.1 1.8
3 38 3 0.2 0.6 3.1 0.1
1 327 56 50 18 1.8 14
0.60 2 273 39 35 11 2.7 10
3 246 26 24 5.7 4.4 7.3
1 14 7 5.9 2.7 0.7 2.3
0.50 2 1 2 1.2 0.6 1 0.5
3 5 4 2.6 1.2 2.6 1.3
1 42 18 15.8 7.2 1.8 5.6
o700 0.55 2 8 9 5.9 2.7 4.8 2.1
3 6 3 1.7 0.8 2.0 1.0
1 211 81 71 32 6.3 19
0.60 2 91 59 45 20 28 12
3 51 34 26 12 15 6.6

ested in resonant; production, whenever necessary we framework ofSU(2), X SU(2)g generalized chiral perturba-
avoided then peak by applying a cut om,,, such that only tion theory toO(p®) precision. The corresponding generat-
the events withm,,<M,—A or m,>M, +A, with A ing functional has been constructed explicitly in Sec($ke

=20MeV are accepted also Appendix A, and the structure of its divergences in the
2 sector of even intrinsic parity has been analyzed. The result-
h: i ﬁmEbeam) ing amplitudes, worked out in Sec. IV, satisfy the isospin
dm,, m,\7 me relations that we have established in Sec(tdl the best of

_ 202 P > our knowledge, these relations have not been discussed pre-
X[=(2+297Inz=(1-2)(3+2)], (5.7) viously in the literaturg When restricted to the standard
wheremw=\/§ is the photon-photon center of mass energy,£25€: specified by the choice of parameters as |n(_j|cated in
z=m,, /26 peam andm, is the electron mass. For the lumi- Eq. (4.23, we recover the results obtamed by previous au-
nosity quoted above, the expected total number yof thors [25,2€], both in the neutral and in the charged case.
—mt a0 events per year at energie§50 6 GeV is Finally, we have estimated the counterterms that enter the
around 5+ 1 for Daphne(independently ofr) and even less one-loop amplitudes and we have performed some numerical

in the neutral case. In the case of<zharm factory, the total anaAl}s/SfZ? :ans ?he: .c\rqi.ral corrections to the total cross sections
number of events becomes sizable, and the results are showapr,e concerned. we have found them to be of the tvpical size
for the two modes, in the fourth column of Table Il, for ! yp

: . : of one-loop effects in the charged channel. It is thus reassur-
different choices oE second columnand for different | . ) .
values ofa (third colaﬁ(r)(. Also shown ?;re the correspond- ing that the delicate balance which leads to the highly de-

ing uncertaintiesA (#events (fifth column), while the re- structive interference effects between the two amplitudés

C .
maining entries show various sources of contributions to th@nd-Az at tree level is not too strongly affected by the one-
total errorA (#events. The latter was obtained upon adding '00P corrections. One may therefore expect that higher order
the individual contributions in quadrature. As mentionegcontributions will only induce small corrections. In the neu-
above, the main source of error comes from the uncertaintf@ channel, where we have found that the one-loop correc-
on the value of\,. A sizable but not necessarily drastic 1ONS are large, the situation with respect to higher order

reduction of the latter would already allow us to distinguishCOIeCtions appears as less reliable. These important one-
the standard case of a strong condensate 1) from situa- loop effects can be ascribed to the peculiarities of the ampli-

00;0 H H
tions where spontaneous breakdown of chiral symmetrjude A {s.t,u), for which the two-loop corrections are
would be triggered by a much weaker condensate D). owever very small, at least in the physical region for elastic
low-energy 707°— 797 scattering. We have also shown

that the uncertainties associated with the counterterm esti-
mates induce, through the destructive interferences between

In the present paper, the amplitudes of the processes the various amplitudes that build up the total cross sections,
—m97%7% and yy— =" 7~ w° have been computed in the large error bars, especially in the neutral channel.

VI. SUMMARY AND CONCLUSIONS
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APPENDIX A
In the present appendix, we give the remaining pieces of the effective Lagrangian of GChPT @(@YerThe part with
two powers of momenta and two powers of quark masses is given by

1
E(Z,Z)ZZFZ{%(DMU+D”U(X+X+ U xx"U))+ayD, U"Ux " D*UU" x)+az(D, U U(x D*x—D"x"x)

+D, UUT(xD*x"=D*xx"))+by(D,UD*U(x Uy "U+U"xU" x))+by(D, U xD*U"x
+)(+DMU)(+D'“U>+b3<U+DM)(U+D”)(+ DM)(+UD”)(+U>+Cl(DMU+X+X+DﬂU><D”U+X+X+D“U>
+Co(D X U+ UTD ) (DHU " x+ x 'DPUY+Ca(D . x "U+U D x)(D y U +U " D¥y)
+C4<DMU+)(—X+DMU><D'“U+X—X+D“U>+C5<DMX+U—U+D#)(><D”)(+U—U+DM)O+h3<D#X+DMX+>}.
(A1)

The tree-level contributions which behave(ﬁ(sma‘uark) in the chiral limit are contained i g 4, which reads

1
Loa=7FHe((x "W+ (U X)) +e(x "x(x "UxTU+U XU X)) +es(x XU xx "U) + (X TU)*+ (U x)?)?
+E((x TUPH (U ) FU+HU )+ Fa(x Px(x U+ U )X (X FU+ U x) +f4((xU)?
+(U+X)2><)(+U+U+X>2+ f5<()(+U)3—(U+X)3)<X+U— U x)+ha{x xx x)+hs(x" x)(detxy+detx™)
+ hg(det x+det x *)?+ h,(det y—det x 7)?}. (A2)

Finally, in Table 11l we also provide the list g8-function coefficients which describe the renormalization scale dependence
of the various low-energy constarts.

APPENDIX B

In this appendix, we give a brief description of our analysis of the anomalous counteAgrms, A,, andAg which is
based on the approach of R45]. The starting points are the invariant amplitudégy p(p?,q2,r2) andI1{,s(p?,q%r?) of

SThese results have also been established independently by L. Girlanda, private communication, to J4K]. &g renormalization of
the E(tw) counterterms has, of course, already been obtained bef¢i&jin
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TABLE lll. Scale dependence of the low energy constants.

X F2.Ty X F2.T'y X Ty
A 3B? @ 4B | 1
1
3
zP ,§Bz p{? —4B(A+2ZP) I, 2
2 3
h 0 @ —4B(A-32P) | 1
0 P2 5 6
h 6B? @ 2B(A+3ZP) [ 1
1 P3 6 3
p{? 2B(3A+ZP) h, 1
12
p? 4B(A—2ZP)
X F2.Ty X F2.T'y
a, —27P e —4A%2-22(2P)2—-20AZ"
a, —127P I —4A%2-16(2P)2—12AZ°
ag 0 e, —12A%—64(2")2—48AZ°
by 6(A+ZP) fq 3A%+15(ZP)2+12AZP
b, —2(A+2ZP) f, 2A%+8(ZP)2+10AZP
bs 0 fa 4A%+24(ZP)2+ 20AZ°
cy 2(A+2ZP) fq —6(Z°+A)ZP
Cy 0 fs 2A%+8(ZP)2+10AZP
Cs 0 hy 4A%+8(ZP)?+8AZ°
Cy 2A hs —4A%2-32(zP)2—28AZ"
Cs 0 he 4A%+6(ZP)2+8AZ°
hs 0 h, —14(ZP)?

the vector-vector-pseudoscalar three-point correlation functions in the three flavor chiréieidike the definition given by
Egs.(3) and(4) of [45]). At p?=q?=0, the loop contributions vanish, and one iastice the absence of the pion pole in the
second equality

2B,N,
1672r?

1
I1,\p(0,052)= + F[8A4—16|30(A2—2A3)],
ar

1
[vpl(0.05%)= -5 [BA4+24A]. (B1)
T

In the chiral limit, the counterterms fro , ,) do not contribute, so that the above result holds both in SChPT and in GChPT.
Although the contributions from the low-energy constakjsandA; from L , were omitted ir{45], one may follow the same
steps as described thewe have also kept the same notajicand end up with the following set of sum rules:

1 Bo | FG NC(MV)Z Al —yy)
P _ _ I - 7 H —— -
4772[8A4 18Bo(Az~2A3)] 2MZ | My 4m2\Mp tan® A(m—yy) |’ (B2)
and
1 3 BoG,, ,
72l 24Ac+ 16Bo(A—2A9)]= — g — 3B A(7 = ). (B3)

7
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In addition, one needs to know the expression of the amplitude of the two-photon decay af, th n— vy)=
—ti(k,e,k’,€") A7~ which, in analogy to ther’— yy amplitude A ™Y of Eq. (4.3), may be written as

2
™

4\37%F_|F,

In this last expressiort,andt’ are related t&\,, A;, andA, according to Eq(4.9), while r stands for the quark mass ratio
ms/m, andm?t”(r) denotes the corrections coming frofy, ,), which can be of the ordel®(m?), O(mmy), andO(m2).

In the standard case, the two last terms in BBy}) would appear only at higher orders, and one may thus proceed as
described in Ref[45]. At the order we are working, the quark mass ratio is then givenas ,=2M2/M2—1~25.9[16].
Using the numerical values given [45], one obtains, from Eq$B2) and (B3), respectively,

1. 128, 2 g 2.
ATV = +3M(5—2n)t+ —=m(1-r)Ag+M3t' +m t”(r)+§m2(1+2r2)a3 . (B4)

MA, s~ M2(A;— 2A5)=(—5.9+1.8) 10 * (B5)

and
3MAg ot M2(A;— 2A3) = (—2.1+0.4 X 102, (B6)
Upon using the experimental rate fgr— y7y [5], we then determine the combination
MZ(A,—2A3)s=(1+1)x 10 3. (B7)

Adding errors in quadrature, the previous results give

Mt M2t =(1.7+8.2) x 103,
M2tl=(1.7+8.2)x10 3 (B8)

which is four times more accurate than the value obtained directly from the experimental rate-ofy. For the separate
pieces, we obtain

Mtg=(4.4+10.8 X103, M2tl=(—-2.7+2.7)x 103, (B9)
In the generalized case, the analysis may, unfortunately, not be pursued quite that far. The main drawback are the

corrections fromZ , ), which in particular produce potentially Iarg@(mg) corrections to they— yy decay amplitude, and

on which the sum-rulegB2) and(B3) give no information. If one restricts the analysis to the or@p°®) precision, then the

contributions fromZ ¢ o) are also absent, and the situation becomes even simpler than in the standard caks, Eiqod.4)]

the left-hand sides of the sum-rulé®2) and (B3) now only involveA, andAg, respectively. Keeping in mind thatis now

a free parametera{ andr are however related, s¢#7]), and taking the necessary inputs fr¢4%], the O(p®) determination

of A, andAg reads

o Ne( IMOME- (1AM YML A = yy) 10
T2 M2 M2 Mp A(moyy)
hA 37° M, A(T) Aawo MF Al — yy) + (B11)
m = — — ry— — - — s,
a2, r—1)2 n'—yy

where the ellipses stand for higher order correctior(s)=2(r,—r)/(r?—1) andAgyo=(3M%—4Mg+M2)/MZ~ —3.6.
Forr=r,, the above expressions give values compatible with the previous SChPT analysis. Furthermdezreases.e.,
asa increasek the variation ofmt stays within the bounds given in E¢B9). On the other hand, in the extreme case of a
vanishing condensate, th&g, contributions to the two sum rules also disappear, and the expres@a0s and (B11)
become exact at ord€?(p®). Finally, if we use the two sum rules in order to expréssandAg in terms of A,— 2A; in the
expression(B4), we obtain an estimate of a combinationAdf— Az, m?t”(r) andm?as, which is not very sensitive to the
value ofr and compatible with the valu@7) obtained in the standard case MET(AZ— 2A3). Thus, within reasonable error
bars, the values dfandt’ can be taken independent nfFor the numerical analyses presented in the text, we have used

mt=(6+12)x10°%, M2t'=(—-3+3)X10>. (B12)
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