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Low-energy photon-photon fusion into three pions in generalized chiral perturbation theory
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The processesgg→p0p0p0 andgg→p1p2p0 are considered in generalized chiral perturbation theory, in
view of their potential sensitivity to the mechanism of spontaneous breaking of chiral symmetry and to various
counterterms. The amplitudes are computed up to orderO(p6). The event production rates are estimated for
the Daphnef-factory and for a futuret-charm factory.@S0556-2821~99!07617-1#
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I. INTRODUCTION

In the limit where the masses of the lightest quark flav
u,d, and s are set to zero, the QCD Lagrangian becom
invariant under a chiralSU(3)L3SU(3)R global symmetry.
This symmetry is not reproduced by the hadronic spectr
and must therefore be spontaneously broken towards th
agonalSU(3)V subgroup. Actually, this spontaneous brea
ing of chiral symmetry can be shown to follow from ve
general properties of QCD@1–3#. However, in addition to
the existence of eight massless pseudoscalar states cou
to the eight conserved axial vector currents, nothing
known from ‘‘first principles’’ about the actual mechanis
of spontaneous breaking of chiral symmetry. The widespr
belief in that matter is that it proceeds through the format
of a strong quark-antiquark condensate,̂q̄q&;
2(250 MeV)3, where^q̄q& denotes the single flavor quark
antiquark condensate in theSU(2) chiral limit:

^q̄q&5^ūu&umu5md505^d̄d&umu5md50 . ~1.1!

In particular, this means that once the light quark mas
mu , md , and ms are turned on, the mass of the pion
assumed to be dominated by the contribution linear in qu
masses@4#,

2
2m̂^q̄q&

F2Mp
2

;1, m̂5
mu1md

2
, ~1.2!

whereF stands for the pion decay constantFp ~the normal-
ization we use corresponds to the numerical valueFp

592.4 MeV @5#! in the same two-flavor chiral limit,

F5Fpumu5md50 . ~1.3!

However, our present theoretical knowledge of nonpertur
tive aspects in QCD does not exclude a picture where
condensate would be much smaller, say,^q̄q&;
2(100 MeV)3, or even vanishing. How the latter possibili
may arise in QCD has been discussed recently@6,7# in terms
of spectral properties of the Dirac operator. On the ot
hand, it has also been suggested@8# that a strictly vanishing
0556-2821/99/60~9!/094003~19!/$15.00 60 0940
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condensate in the chiral limit could be excluded by an
equality @9# between the correlator̂Am(x)Am(0)& of two
axial currents and the two-point function^P(x)P(0)& of the
pseudoscalar quark bilinear densityP(x)[(q̄ig5q)(x). This
inequality, however, has only been established so far for b
quantities, i.e., in the presence of an ultraviolet cutoffLUV .
As the cutoff is removed, the pseudoscalar densityP(x)
needs to be renormalized, whereas the~partially! conserved
axial vector currentAm(x) remains unaffected. Strictly
speaking, the claim of Ref.@8# is that ^q̄q&(LUV)Þ0 for
finite LUV , which does not,a priori, exclude the possibility
of a vanishing condensate in the limitLUV→` @6#. Finally,
Ref. @10# provides an example of a different approach whic
within a variational framework, leads to a nonvanishing, b
nevertheless small, value of^q̄q&.

Clearly, in order to settle the question of the mechani
of spontaneous chiral symmetry breaking on a purely th
retical level, a major breakthrough in our understanding
nonperturbative aspects of confining gauge theories is
quired. Instead, one may try a phenomenological approa
and look for experimental observables which could prov
the relevant information. In this respect, low-energyp-p
scattering in theS wave has been put forward as a proce
particularly sensitive to the size of the condensate@11,12#
~for recent discussions, see, e.g.,@13,7#!. This can be most
conveniently seen in the framework of the effective Lagran
ian @14–16#. In order to incorporate the possibility of a sma
condensate, the usual counting has however to be modi
As explained in Refs.@11,17#, a consistent expansio
scheme, usually referred to as generalized chiral perturba
theory ~GChPT!, is obtained by taking~from now on, we
restrict ourselves to the case of two massless flavors on!

mu ,md;O~p!, B;O~p!, ~1.4!

with p being a generic momentum, much smaller than
typical hadronic scaleLH;1 GeV, and

B[2
^q̄q&

F2
. ~1.5!
©1999 The American Physical Society03-1
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With this counting, the effective Lagrangian at lowest ord
which consists of all chiral invariant terms of orderO(p2),
reads@11#

L̃(2)5
1

4
F2$^DmU1DmU&12B^U1x1x1U&1A^~U1x!2

1~x1U !2&1ZP^U1x2x1U&21h0^x
1x&

1h1~det x1det x1!%. ~1.6!

The matrixU collects the pion fields~throughout, we adop
the Condon and Shortley phase convention!,

U5eif/F, f5S p0 2A2p1

A2p2 2p0 D . ~1.7!

The notation is as in Refs.@15,16#, except thatx, the quan-
tity that contains the scalar and pseudoscalar sources, is
fined without the usual factor 2B,

x5s1 ip5M1•••, M5diag~mu ,md!. ~1.8!

The covariant derivative contains the external vector a
axial sources,

DmU5]mU2 i @vm ,U#2 i $am ,U%. ~1.9!

This is to be contrasted with standard chiral perturbat
theory ~SChPT! @15,16#, which assumes a large condensa
and hence the counting rulemu ,md;O(p2), B;LH , so
that only the first two terms on the right-hand side of E
~1.6! are taken into account at leading order. It easily follo
from Eq. ~1.6! that the lowest order expression of the pi
mass is now given as by1

Mp
2 52m̂B14m̂2A1•••, ~1.10!

where the ellipsis stands for higher order corrections. At
same level of approximation in the chiral expansion,
p-p scattering amplitude can be written as@11#

A~sut,u!5b
~ s2 4

3 Mp
2 !

F2
1a

Mp
2

3F2
1•••, ~1.11!

with b511O(m̂), while at this order the parametera is
directly related to thêq̄q& condensate through

a5423S 2m̂B

Mp
2 D 1O~m̂!. ~1.12!

The case~1.2! of a strong condensate corresponds toa51,
whereas the extreme limit where the condensate would v
ish yields a54. Notice that the above expression f
A(sut,u) is not affected by the additional terms in Eq.~1.6!
and reproduces the result first obtained by Weinberg@18#,

1We neglect the mass differencemu2md and setmu5md5m̂.
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A(sut,u)5(s22m̂B)/F21•••. The difference between th
standard case and deviations from it lies here only in
leading-order expression~1.10! of the pion mass and its re
lation to the condensate. Higher orders in the chiral exp
sion will modify the simple expression~1.11!, but the corre-
lation between low-energyp-p scattering and the value o
the ratio 2m̂B/Mp

2 subsists, and can be studied in a co
trolled way within the generalized chiral expansion@12#.
Available data on low-energyp-p phases, which are domi
nated by the Geneva–SaclayKl4 experiment@19#, do, how-
ever, not possess the required accuracy in order to dis
guish between the different alternatives at prese
Forthcoming experiments, such as newKl4 experiments,
conducted by the BNL865 Collaboration@20# or planed at
the Daphnef-factory @21#, and the DIRAC experiment a
CERN @22#, represent promising prospects in this directio

In order to create a~hopefully convergent! set of evidence
pro or contra a specific picture of spontaneous breaking
chiral symmetry, it remains however important to explo
other possibilities, and to find other processes which, at
theoretical level, can be shown to exhibit a reasonably str
dependence on the value of the condensate. The pre
work was motivated by the above consideration and the
lowing observation. A straightforward reanalysis in GChP
of the existing SChPT calculations@23–25# at lowest order
shows that the two amplitudes for the production of thr
pions in low-energy photon-photon collisions involve the p
rameter a already at tree level. In the case ofgg
→p0p0p0, the amplitude reads

A N5
e2

4p2Fp
3 emnabkmenka8eb8

aMp
2

s2Mp
2 1•••, ~1.13!

while for gg→p1p2p0 we find

A C5
e2

4p2Fp
3 emnabkmenk8ae8b

3S 12
~p11p2!22Mp

2 1 1
3 ~a21!Mp

2

s2Mp
2 D

1
e2

4p2Fp
3 emnabk8me8np0

aS 2eb1
e•p2

k•p2
p1

b

1
e•p1

k•p1
p2

b D1
e2

4p2Fp
3 emnabkmenp0

a

3S 2e8b1
e8•p2

k8•p2

p1
b 1

e8•p1

k8•p1

p2
b D 1•••.

~1.14!

In these expressions,k and k8 (e and e8) denote the mo-
menta~polarizations! of the two photons, whilep1 , p2 and
p0 are the pion momenta. The ellipses stand for higher or
corrections which will be considered later. Diagramma
3-2
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LOW-ENERGY PHOTON-PHOTON FUSION INTO THREE . . . PHYSICAL REVIEW D 60 094003
cally, the origin of the dependence ona lies in the presence
of one-pion reducible contributions to the two amplitude
see Fig. 1.

Therefore, the leading-order neutral amplitudeA N in-
creases as the condensate decreases. For a strictly van
condensate (a54), the cross section at low energies is th
enhanced by a factor 16 as compared to the standard ca
a strong condensate (a51)! In the charged case, the situ
tion is less favorable. At threshold, the average over the p
ton polarizations of the modulus squared of the amplitud
still proportional to the square ofa,

1

4 (
pol

uA Cu thr
2 5

1

4 S e2

4p2Fp
3 D 2 9Mp

4

128
a2, ~1.15!

but the sensitivity ona of the corresponding totalcross sec-
tion sC(s,a) rapidly decreases with increasing energy. F
instance, the ratiosC(s,a53)/sC(s,a51) is equal to 4.48
atAs5450 MeV, i.e., just above threshold, but drops to 1.
at As5500 MeV and becomes less than 1.10 atAs*600
MeV. For the casea52, the corresponding ratio is equal
2.21 atAs5450 MeV, but the effect is less than 25%
As5500 MeV, while it barely reaches a few percent atAs
*600. Thus, the interference between the two kinemat
structures contributing to the amplitudeA C, which is re-
sponsible, at low energies, for the suppression of the c
section in the charged channel as compared to the cross
tion in the neutral channel@25#, also washes out the depe
dence on the value of thêq̄q& condensate as soon as o
leaves the threshold region. Considering definite polariza

FIG. 1. The lowest order contributions to thegg→ppp ampli-
tudes. Thea dependence inA N andA C comes from the vertex for
~virtual! p-p scattering in the first graph, which is the only one
contribute in the case of the neutral amplitude.
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configurations for the two photons does not improve the s
ation: For parallel polarizations of the two photons, the p
of A C which is sensitive toa does not contribute to the cros
section, whereas for polarizations taken along orthogo
axes, the same interference effect is again fully at work. F
thermore, both cross sections rapidly rise above threshold
that the effect of higher orders also needs to be investiga
The purpose of this paper is precisely to investigate th
higher order effects at the one-loop level in GChPT. In fa
at next-to-leading order new tensorial structures appear b
in the neutral and in the charged amplitude@25,26#, whereas
the pion loops provide additional sources of dependence w
respect toa, so that their behavior with respect to changes
the value of the condensate could be modified to some
tent.

Accordingly, the rest of the paper is organized as follow
The general kinematical structure of the two amplitudesA N

andA C, as well as their properties under isospin symme
are the subject of Sec. II. The construction of the effect
lagrangian of GChPT at one-loop order in the two-flav
case is briefly discussed in Sec. III. Section IV is devoted
the actual calculation of the two amplitudes to one-loop p
cision. The counterterms which are involved in these expr
sions and several numerical results are discussed in Se
A summary and conclusion are presented in Sec. VI. Ad
tional material concerning the structure and the renormal
tion at one-loop order of the effective Lagrangian of GCh
is presented in Appendix A, and details on the evaluation
some counterterms have been gathered in Appendix B.

II. KINEMATICS AND ISOSPIN SYMMETRY

The amplitudesA N andA C for the processes

g~k!g~k8!→p0~p1!p0~p2!p0~p3!,

g~k!g~k8!→p1~p1!p2~p2!p0~p0!,
~2.1!

are obtained from the matrix elements
^p0~p1!p0~p2!p0~p3! outug~k,e!g~k8,e8! in&5 i ~2p!4d4~Pf2Pi !A N,

^p1~p1!p2~p2!p0~p0! outug~k,e!g~k8,e8! in&5 i ~2p!4d4~Pf2Pi !A C, ~2.2!

respectively, with

A N~k,e;k8,e8;p1 ,p2 ,p3!5 ie2em~k!en8~k8!E d4xe2 ik•x^p0~p1!p0~p2!p0~p3! outuT$ j m~x! j n~0!%uV&,

A C~k,e;k8,e8;p0 ,p1 ,p2!5 ie2em~k!en8~k8!E d4xe2 ik•x^p1~p1!p2~p2!p0~p0! outuT$ j m~x! j n~0!%uV&. ~2.3!
3-3
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In the above expressions,j m(x) denotes the electromagnet
current, with its usual decomposition into an isotriplet and
isosinglet component,j m5 j m

3 1 j m
0 , while uV& stands for the

QCD vacuum with massive light quarks, but in the abse
of electromagnetism~radiative corrections to the two pro
cesses~2.1! are not considered here!. Since we also neglec
isospin breaking effects due tomuÞmd , Bose symmetry and
G parity constrain the three final pions to be in anI 51 total
isospin state. Thus the matrix elements in Eq.~2.3! only
involve theI 51 component of the product of the two ele
tromagnetic currents,

T$ j m~x! j n~0!% I 515T$ j m
3 ~x! j n

0~0!1 j m
0 ~x! j n

3~0!%.
~2.4!
09400
n

e

Therefore, isospin invariance relates the two amplitudesA C

and A N in a simple way. With the Condon and Shortle
phase convention adopted in Eq.~1.7!, this relation reads

2A N~k,e;k8,e8;p1 ,p2 ,p3!5A C~k,e;k8,e8;p1 ,p2 ,p3!

1cyclic ~p1 ,p2 ,p3!, ~2.5!

where ‘‘cyclic (p1 ,p2 ,p3)’’ indicates that the contributions
arising from cyclic permutations over the pion momen
p1 ,p2 , andp3 have to be added.

Up to permutations of the momenta and polarizations
the photons, and/or permutations of the momenta of
charged pions, the amplitudeA C may be decomposed int
six independent Lorentz invariant amplitudes
eory
l

A C~k,e;k8,e8;p0 ,p1 ,p2!5A 1
C~k,k8;p0 ,p1 ,p2!t1~k,e;k8,e8!

1 (
i 52,3

FA i
C~k,k8;p0 ,p1 ,p2!t i~k,e;k8,e8;p0 ,p1 ,p2!1S k

e D↔S k8
e8 D G

1 (
i 54,5,6

H FA i
C~k,k8;p0 ,p1 ,p2!t i~k,e;k8,e8;p0 ,p1 ,p2!1S k

e D↔S k8
e8 D G1@p1↔p2#J ,

~2.6!

with (pi j [pi1pj , i , j 51,2,0)

t1~k,e;k8,e8!5emnabkmenk8ae8b,

t2~k,e;k8,e8;p0 ,p1 ,p2!5emnabk8me8np0
aS 2eb1

e•p2

k•p2
p1

b 1
e•p1

k•p1
p2

b D ,

t3~k,e;k8,e8;p0 ,p1 ,p2!5emnabS 2em1
e•p12

k•p12
kmD k8np0

ae8b,

t4~k,e;k8,e8;p0 ,p1 ,p2!5emnabS 2em1
e•p10

k•p10
kmD k8np2

a e8b,

t5~k,e;k8,e8;p0 ,p1 ,p2!5emnabk8mp1
n p2

a e8bS e•p10

k•p10
2

e•p1

k•p1
D ,

t6~k,e;k8,e8;p0 ,p1 ,p2!5emnabS 2em1
e•p1

k•p1
kmD k8np2

a e8b. ~2.7!

In the following, we shall compute the amplitudesA C andA N within the framework of generalized chiral perturbation th
up to the order of one-loop. At this level of accuracy of the chiral expansion, the amplitudeA N does not yet receive its ful
structure as implied by Eqs.~2.6! and ~2.5!; rather, it takes the simpler form (pi j [pi1pj , i , j 51,2,3)

A N~k,e;k8e8;p1 ,p2 ,p3!5A 1
N~k,k8;p1 ,p2 ,p3!t1~k,e;k8,e8!

1FA 2
N~k,k8;p1 ,p2 ,p3!emnabS e8m2

e8•p12

k8•p12

k8mD p12
n eakb1cyclic~p1 ,p2 ,p3!G

1F S k
e D↔S k8

e8 D G1•••, ~2.8!

where the ellipsis stands for higher order terms in the chiral expansion. In order that Eq.~2.8! follows from Eqs.~2.5! and
~2.6!, it is sufficient that the one-loop charged amplitudesA i

C satisfy the following conditions:~i! A 2
C(k,k8;p0 ,p1 ,p2)
3-4



ns in

LOW-ENERGY PHOTON-PHOTON FUSION INTO THREE . . . PHYSICAL REVIEW D 60 094003
2A 5
C(k,k8;p1 ,p2 ,p0) is entirely symmetric under permutations of the pion momentap1 ,p2 ,p0 ; ~ii !

k•p0@A 5
C(k,k8;p0 ,p1 ,p2)1A 6

C(k,k8;p0 ,p1 ,p2)#5k•p1@A 5
C(k,k8;p1 ,p0 ,p2)1A 6

C(k,k8;p1 ,p0 ,p2)#; ~iii !
A 5

C(k,k8;p0 ,p1 ,p2)5A 5
C(k,k8;p1 ,p0 ,p2). Furthermore, the two neutral amplitudes have then the following expressio

terms of the charged ones:

A 1
N~k,k8;p1 ,p2 ,p3!52A 1

C~k,k8;p1 ,p2 ,p3!1F1

3
A 2

C~k,k8;p1 ,p2 ,p3!1A 3
C~k,k8;p3 ,p1 ,p2!1A 4

C~k,k8;p1 ,p2 ,p3!

1A 4
C~k,k8;p2 ,p1 ,p3!1A 6

C~k,k8;p1 ,p2 ,p3!1A 6
C~k,k8;p2 ,p1 ,p3!1

2

3
A 5

C~k,k8;p2 ,p3 ,p1!G
1F S k

e D↔S k8
e8 D G1cyclic~p1 ,p2 ,p3!, ~2.9!
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2A 2
N~k,k8;p1 ,p2 ,p3!5@A 4

C~k,k8;p1 ,p2 ,p3!

1A 6
C~k,k8;p1 ,p2 ,p3!#

1@p1↔p2#1A 3
C~k,k8;p1 ,p2 ,p3!

1A 5
C~k,k8;p2 ,p1 ,p3!. ~2.10!

III. THE EFFECTIVE LAGRANGIAN IN GChPT

Before proceeding with the calculation of the amplitud
A C and A N in the next section, we first discuss the ma
features of the structure of the low-energy generating fu
tional in the case of two light flavors that we need for o
subsequent calculation. Additional details and results oth
wise not available from the existing literature are presen
in Appendix A for the convenience of the interested read

The structure of the effective LagrangianL eff is indepen-
dent of the underlying mechanism of spontaneous ch
symmetry breaking. It consists of an infinite tower of chir
invariant contributions

L eff5 (
(k,l )

L(k,l ) , ~3.1!

whereL(k,l ) containsk powers of covariant derivatives andl
powers of the scalar or pseudoscalar sources. In the c
limit, these terms behave as

L(k,l );S p

LH
D kS mquark

LH
D l

, ~3.2!

with mquark5mu ,md , andp stands for a typical external mo
mentum. The standard approach not only assumesmquark
!LH , but alsomquark!B/2A, such as to enforce the dom
nance of the term linear inmquark in the expression of the
pion mass~1.10!. This allows us to reorganize the doub
expansion~3.1! as @15,16#

L eff5L (2)1L (4)1L (6)1•••, ~3.3!
09400
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whereL (d)5(L(k,l ) with k12l 5d. The generalized frame
work considers the possibility that the condensate could
much smaller than usually believed, so that for the act
values of the quark masses one could havemquark;B/2A and
still mquark!LH . This leads to a different reorganization o
the double expansion~3.1!, namely,

L eff5L̃(2)1L̃(3)1L̃(4)1L̃(5)1L̃(6)1•••, ~3.4!

where now, according to Eq.~1.4!, L̃(d)5(BnL(k,l ) with k
1 l 1n5d @11,17#.

The leading order of the generalized expansion is
scribed byL̃(2), which in the two flavor case was given i
Sec. I, Eq.~1.6!. For our purposes, we need only to consid
the situation without an axial source, and with the vec
source restricted to the~classical! photon fieldAm ,

am50, vm5eAmQ, ~3.5!

whereQ stands for the charge matrix of the two light qua
flavorsu andd,

Q5S 2
3 0

0 2 1
3

D . ~3.6!

In GChPT, the next-to-leading order corrections are
order O(p3), and still occur before the loop correction
They are embodied inL̃(3)5L(2,1)1L(0,3) , which reads2

L̃(3)5
1

4
F2$j (2)^DmU1DmU~x1U1U1x!&1r1

(2)^~x1U !3

1~U1x!3&1r2
(2)^~x1U1U1x!x1x&

1r3
(2)^x1U2U1x&^~x1U !22~U1x!2&

1r4
(2)^~x1U !21~U1x!2&^x1U1U1x&

2The superscript~2! is meant to distinguish the low energy con
stantsj (2), r i

(2) from the similar ones that occur in the expression

L̃(3) in the three flavor case@11,17#.
3-5
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1r5
(2)^x1x&^x1U1U1x&%. ~3.7!

From orderO(p4) onward, the contributions toL eff come
with either even or odd intrinsic parity,L̃(d)5L̃1

(d)1L̃2
(d) for

d>4, orL(k,l )5L(k,l )
1 1L(k,l )

2 for k>4. The tree-level contri-
butions at orderO(p4) in theeven intrinsic parity sectorare
contained in

L̃1
(4)5L(4,0)

1 1L(2,2)1L(0,4)1B2L(0,2)8 1BL(2,1)8 1BL(0,3)8 .
~3.8!

The part without explicit chiral symmetry breakingL(4,0)
1 is

described by the same low-energy constantsl 1 , l 2 , l 5 , l 6 ,
andh2 as in the standard case@15#,

L(4,0)
1 5

l 1

4
^DmU1DmU&21

l 2

4
^DmU1DnU&^DmU1DnU&

1 l 5^Fmn
L UFLmnU1&1

i l 6

2
^Fmn

R dmUdnU1

1Fmn
L dmU1dnU&2~ 2h21 1

2 l 5!^Fmn
R FRmn

1Fmn
L FLmn&. ~3.9!

The contributionsL(2,2) andL(0,4) associated to quark mas
corrections are displayed in Appendix A. Notice that in t
standard framework the contributions fromL(2,2) and from
L(0,4) would count as orderO(p6) and order O(p8),
respectively.3

Next, we turn to theodd intrinsic parity sector. There, the
first contribution starts at orderO(p4), and since it is en-
tirely fixed by the short distance properties of QCD, there
no difference between the standard and the generalized
L 2

(4)5L̃2
(4)5L(4,0)

2 . In the two flavor case,L(4,0)
2 vanishes in

the absence of external sources. In the presence of an
tromagnetic field, it reads

L(4,0)
2 5

e

16p2 emnabAm^Q~]nU]aU1]bUU1

2]nU1]aU]bU1U !&

2
ie2

8p2 emnab]mAnAa^Q2]bUU11Q2U1]bU

2 1
2 QUQ]bU11 1

2 QU1Q]bU& . ~3.10!

The computation of the amplitudesA N andA C to one loop
also involves the counterterms fromL̃2

(5)5L(4,1)
2 and from

L̃2
(6)5L(6,0)

2 1L(4,2)
2 . In the standard case, bothL(4,1)

2 and
L(6,0)

2 count as orderO(p6), and have been discussed befo

3The standardO(p6) effective LagrangianL (6)5L(6,0)1L(4,1)

1L(2,2)1L(0,3) has been worked out in Ref.@27# for the case of
three light flavors, and very recently, for both two and three lig
flavors, in Ref.@28#.
09400
s
se,

ec-

in the literature4 @30,31,27#. Borrowing from the last and
most recent of these references, we obtain

L(4,1)
2 5

1

4p2 emnab$ iA4^@x#2@Gmn#1@Gab#1&1 iA6^@x#2&

3^@Gmn#1@Gab#1&

1A12̂ @DmU#2@DnU#2~@x#2@Gab#1

1@Gab#1@x#2!&

1A13̂ @DmU#2@x#2@DnU#2@Gab#1&•••%, ~3.11!

and

L(6,0)
2 5

1

4p2 emnab$ iA2^@DmU#2~@DnGga#1@Gg
b#1

2@Gga#1@DnGg
b#1!&

1 iA3^@DmU#2~@DgGgn#1@Gab#1

2@Ggn#1@DgGab#12@DgGab#1@Ggn#1

1@Gab#1@DgGgn#1!&

1A7^@DaDgU#2~@DgU#2@DbU#2@Gmn#1

2@Gmn#1@DbU#2@DgU#2!&

1A8^@DaDgU#2~@DbU#2@DgU#2@Gmn#1

2@Gmn#1@DgU#2@DbU#2!&1•••%. ~3.12!

Here, we have only listed those terms that will actually co
tribute to the processes under study, when the mass-s
conditions for the momenta and polarizations of the phot
are taken into account. We have however kept the numbe
of the low-energy constants introduced in@27#, but we have,
for convenience, changed their normalization by an ove
factor 1/4p2. The notation is otherwise as in@27#, except for
the fact that the sourcex does not contain the factor 2B, see
Eq. ~1.8!.

The last piece we need for a full one-loop computation
the amplitudes~2.3! is L(4,2)

2 . It counts as orderO(p8) in the
standardcase, and is not available from the existing liter
ture. These contributions, which are orderO(m̂2) corrections
to L(4,0)

2 , are expected to be small in the two-flavor chir
expansion, and will be parametrized appropriately in the o
loop expressions of the amplitudesA C andA N given in the
next section. The determination of the combinations of lo
energy constants that enter these amplitudes will be
cussed in Sec. V below.

When studying a given process one also needs to take
account contributions from pion loops, which produce div
gences that are eliminated by a renormalization of the lo
energy constants of the effective Lagrangian. We have c
puted this divergent part of the one-loop generat

t
4For a review, see@29#.
3-6
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functional in the even intrinsic parity sector using stand
heat-kernel techniques, and we have then performed the
responding renormalization of the low-energy constants
the same dimensional renormalization scheme as desc
in @15,16#. Thus the low-energy constants display a logari
mic scale dependence@X(m) denotes generically any o
these renormalized low-energy constants#

X~m!5X~m8!1
GX

~4p!2 • ln~m8/m!. ~3.13!

The full list of the resultingb-function coefficientsGX is
given in Appendix A. Let us however mention here that
orderO(p4) the low-energy constants ofL̃(2) and L̃(3) also
need to be renormalized. The corresponding counterte
however, are of orderO(B2) and O(B), respectively, and
they are gathered in the three last terms of Eq.~3.8!: in
GChPT, renormalization proceeds order by order in the
pansion in powers ofB. Alternatively, one may think of Eqs
09400
d
or-
n
ed
-

t

s,

x-

~1.6! and ~3.7! as standing for the combinationsL̃(2)

1B2L(0,2)8 andL̃(3)1BL(2,1)8 1BL(0,3)8 , respectively, with the
corresponding low-energy constants representing the re
malized, scale dependent quantities. We shall adopt the l
point of view in the following.

We have not worked out the general structure of the
vergent part of the one-loop generating functional in the o
intrinsic parity sector. For SChPT, this has been done
Refs.@32,30,33#.

IV. THE ONE-LOOP AMPLITUDES

Having constructed the effective Lagrangian in the p
ceding section, the computation of the amplitudesA N and
A C at next-to-leading order becomes a straightforward ex
cise. We begin with the one-loop expression of the neu
amplitudeA N, whose structure at that level of the chir
expansion is given by Eq.~2.8!, with
r of the
A 1
N~k,k8;p1 ,p2 ,p3!5

A p0→ggA 00;00~p12
2 ,p13

2 ,p23
2 !

s2Mp
2

2
e2

4p2Fp
3 H 1

2
~b21!1

1

2
m̂t~b23!2aMp

2 t824m̂2t92g001
1

Fp
2 ~l112l2!~s23Mp

2 !1
1

Fp
2
J̄~p12

2 !

3Fp12
2 2Mp

2 1
1

3
~a21!Mp

2 G1
1

Fp
2
J̄~p13

2 !Fp13
2 2Mp

2 1
1

3
~a21!Mp

2 G
1

1

Fp
2
J̄~p23

2 !Fp23
2 2Mp

2 1
1

3
~a21!Mp

2 G1
2

Fp
2 @R̄~p12

2 ,k•p12!1R̄~p12
2 ,k8•p12!#Fp12

2 2Mp
2

1
1

3
~a21!Mp

2 G1
2

Fp
2 @R̄~p13

2 ,k•p13!1R̄~p13
2 ,k8•p13!#Fp13

2 2Mp
2 1

1

3
~a21!Mp

2 G
1

2

Fp
2 @R̄~p23

2 ,k•p23!1R̄~p23
2 ,k8•p23!#Fp23

2 2Mp
2 1

1

3
~a21!Mp

2 G J , ~4.1!

and

A 2
N~k,k8;p1 ,p2 ,p3!5

e2

2p2Fp
5
R̄~p12

2 ,k•p12!Fp12
2 2Mp

2 1
1

3
~a21!Mp

2 G . ~4.2!

This second amplitude, which was absent at tree level, is entirely generated by the pion loops. The numerato
contribution which develops a pole ats5Mp

2 in the expression~4.1! of A 1
N is given by the product ofA p0→gg, which is

related to the on-shell amplitude of thep0→gg decay throughA(p0→gg)52t1(k,e,k8,e8)A p0→gg, times the amplitude
A 00;00(p12

2 ,p13
2 ,p23

2 ) of virtual p0-p0 scattering (p12
2 1p13

2 1p23
2 5s13Mp

2 ). The expressions, at orderO(p6) and order
O(p4), respectively, of these amplitudes read

A p0→gg5
e2

4p2Fp

@11m̂t1Mp
2 t81m̂2t912m̂2a3#, ~4.3!

and
3-7
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A 00;00~p12
2 ,p13

2 ,p23
2 !5

aMp
2

Fp
2 1

1

Fp
4 ~l112l2!@~p12

2 22Mp
2 !21~p13

2 22Mp
2 !21~p23

2 22Mp
2 !2#

1
1

Fp
4
J̄~p12

2 !F S p12
2 2

4

3
Mp

2 1
a

3
Mp

2 D 2

1
a2

2
Mp

4 G1
1

Fp
4
J̄~p13

2 !F S p13
2 2

4

3
Mp

2 1
a

3
Mp

2 D 2

1
a2

2
Mp

4 G
1

1

Fp
4
J̄~p23

2 !F S p23
2 2

4

3
Mp

2 1
a

3
Mp

2 D 2

1
a2

2
Mp

4 G . ~4.4!

The various parametersa, b, l1,2, andg00 involved in the expressions~4.1! and~4.4! are given in terms of combination
of the low-energy constants of the effective LagrangianL eff, displayed in Sec. III and in Appendix A, and of chiral logarithm
due to the pion loops. They read

Fp
2

F2 Mp
2 a52m̂B116m̂2A

1m̂3~81r1
(2)1r2

(2)1164r4
(2)12r5

(2)!24Mp
2 m̂j (2)116m̂4~16e11e2132f 1134f 212 f 3172f 416a3A!

28Mp
2 m̂2~2b122b22a324c1!2

1

16p2Fp
2 @2Mp

4 1102m̂2Mp
2 A1264m̂4A2# ln

Mp
2

m2

2
1

16p2Fp
2 FMp

4

2
144m̂2Mp

2 A1264m̂4A2G , ~4.5!

b5112m̂j (2)24m̂2~j (2)!212m̂2~3a212a314b112b214c1!2
Mp

2

48p2Fp
2 S ln

Mp
2

m2 11D @615~a21!#, ~4.6!
is
l15
1

48p2 S l̄ 12
4

3D , ~4.7!

l25
1

48p2 S l̄ 22
5

6D ,

g005m̂2~3a212a316b2112c1!

2
Mp

2

32p2Fp
2 S ln

Mp
2

m2 11D ~a21!. ~4.8!

The parameterst, t8, and t9 contain the contributions from
L(4,1)

2 , L(6,0)
2 andL(4,2)

2 , respectively. In particular, from the
formulas~3.11! and ~3.12! we derive

t5
32

3
A4 ,

t852
8

3
~A222A3!. ~4.9!
09400
Finally, J̄(s) denotes the Chew-Mandelstam function@34#,
the usual scalar two-point loop integral subtracted ats50
~for its expression, see Ref.@15#!, whereasR̄(p2;k•p),
which is related to the three-point scalar loop function,
given, fork250, by

R̄~p2;k•p!5C̄~p2,k•p!2
~k2p!2

4~k•p!
@ J̄~~k2p!2!2 J̄~p2!#

1
1

32p2 , ~4.10!

with (s5A124Mp
2 /p2, s85A124Mp

2 /(k2p)2)

16p2C̄~p2,k•p!5
Mp

2

4~k•p! F ln2S s21

s11D2 ln2S s821

s811D G .
~4.11!

For the charged amplitudeA C, the general structure is
more involved, see Eq.~2.6!, and at one loop we obtain
3-8
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A 1
C~k,k8;p0 ,p1 ,p2!5

A p0→ggA 00;12~p12
2 ,p10

2 ,p20
2 !

s2Mp
2

1
e2

4p2Fp
3 H 1

2
~b11!1

1

2
m̂t~b21!2

1

3
~a21!Mp

2 t81g121
2

3
g128 1

l1

Fp
2 ~p12

2 22Mp
2 !

1
1

Fp
2 S l22

1

288p2D ~p10
2 1p20

2 24Mp
2 !1

1

6Fp
2 J̄~p12

2 !@3p12
2 14~a21!Mp

2 #

1
1

12Fp
2 J̄~p10

2 !@5p10
2 214Mp

2 22~a21!Mp
2 #1

1

12Fp
2 J̄~p20

2 !@5p20
2 214Mp

2 22~a21!Mp
2 #J ,

~4.12!

A 2
C~k,k8;p0 ,p1 ,p2!5

e2

24p2Fp
3 H 616g128 2

1

48p2Fp
2 @~k82p0!21p10

2 1p20
2 #2

1

Fp
2 J̄~p10

2 !@4Mp
2 2p10

2 #

2
1

Fp
2 J̄~p20

2 !@4Mp
2 2p20

2 #2
1

Fp
2 J̄„~k82p0!2

…@4Mp
2 2~k82p0!2#J , ~4.13!

A 3
C~k,k8;p0 ,p1 ,p2!52

e2

4p2Fp
5
R̄~p12

2 ;k•p12!Fp12
2 1

4

3
~a21!Mp

2 G , ~4.14!

A 4
C~k,k8;p0 ,p1 ,p2!52

e2

4p2Fp
5 H 1

3
J̄„~k82p2!2

…Mp
2 S 4

k•p1

k•p10
21D1

1

6
@ J̄„~k82p2!2

…2 J̄~p10
2 !#Fp10

2 12Mp
2

1
1

2

p10
2

k•p10
~4Mp

2 2p10
2 !1

k•p1

k•p10
~4Mp

2 27p10
2 16k•p10!12

k•p1

k•p10

p10
2

k•p10
~p10

2 24Mp
2 !G

1R̄~p10
2 ;k•p10!F2Mp

2 12k•p1S p10
2

k•p10
21D 2

1

3
~a21!Mp

2 G1
1

24p2
k•p1S 12

p10
2

k•p10
D

1
1

96p2
p10

2 J , ~4.15!

A 5
C~k,k8;p0 ,p1 ,p2!52

e2

24p2Fp
5 H J̄„~k82p2!2

…@4Mp
2 2~k82p2!2#2 J̄~p10

2 !~4Mp
2 2p10

2 !2
1

24p2
k•p10J , ~4.16!

A 6
C~k,k8;p0 ,p1 ,p2!52

e2

4p2Fp
5 H 1

6
@ J̄„~k82p2!2

…2 J̄~p10
2 !#F p10

2 24Mp
2 26k•p114

k•p1

k•p10
~p10

2 2Mp
2 !

1
k•p1

~k•p10!2
p10

2 ~4Mp
2 2p10

2 !G2
1

3
J̄„~k82p2!2

…Fk•p012Mp
2 k•p1

k•p10
G1R̄„p10

2 ;~k2p10!2
…~k•p1!

3F22
p10

2

k•p10
G1

1

32p2

k•p1

k•p10
~k82p2!21

1

96p2 S 4

3
k•p12p10

2 k•p1

k•p10
D1

1

144p2
k•p10J . ~4.17!

The amplitudeA1
C again contains a contribution with a pole ats5Mp

2 , which is given by the product of theO(p6) p0

→gg amplitudeA p0→gg times the~off-shell! p0p0→p1p2 amplitudeA 00;12, with
094003-9
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2A 00;12~p12
2 ,p10

2 ,p20
2 !5

b

Fp
2 S p12

2 2
4

3
Mp

2 D1
1

3Fp
2

aMp
2 1

l1

Fp
4 ~p12

2 22Mp
2 !21

l2

Fp
4 @~p10

2 22Mp
2 !21~p02

2 22Mp
2 !2#

1
1

6Fp
4 J̄~p12

2 !F4S p12
2 2

4

3
Mp

2 1
5

6
aMp

2 D 2

2S p12
2 2

4

3
Mp

2 2
2

3
aMp

2 D 2G
1

1

12Fp
4 J̄~p10

2 !F3S p10
2 2

4

3
Mp

2 2
2

3
aMp

2 D 2

1~p12
2 2p20

2 !~p10
2 24Mp

2 !G
1

1

12Fp
4 J̄~p20

2 !F3S p20
2 2

4

3
Mp

2 2
2

3
aMp

2 D 2

1~p12
2 2p10

2 !~p20
2 24Mp

2 !G , ~4.18!
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wherep12
2 1p10

2 1p20
2 5s13Mp

2 .
The remaining parametersg12 andg128 which appear in

the amplitudesA 1
C , . . . A 6

C contain the contributions from
the low-energy constants and chiral logarithms

g1252m̂2~a212b214c1!1
Mp

2

96p2Fp
2 ln

Mp
2

m2 ~a21!

1
Mp

2

96p2Fp
2 S a2

7

3D1m̂2dg12 , ~4.19!

g128 58m̂~2A122A13!18Mp
2 ~A72A8!

16m̂2a32
Mp

2

32p2Fp
2 ln

Mp
2

m2 1m̂2dg128 . ~4.20!

With the expressions given above, it is straightforward
check that the three conditions listed before Eq.~2.9! as well
as Eq.~2.10! are satisfied, which provides a nontrivial che
of our calculation. The isospin relation~2.9! implies that the
condition

213g121g001
Mp

2

24p2Fp
2 5m̂2~2a323t9! ~4.21!

must hold. This requires that the contributions of theL(4,2)
2

counterterms tog12 , which we have denoted asm̂2dg12

in the expression~4.19!, have to satisfy

3t913dg1250. ~4.22!

The contributions of theL(4,2)
2 counterterms tog128 ,

m̂2dg128 in the expression~4.20!, are not constrained by
isospin symmetry.

Upon using the information provided by Table III in Ap
pendix A, it is straightforward to check thata, b, andg00
are scale independent by themselves~the parametersl1 and
l2 were directly expressed in terms of the scale independ
quantities l̄ 1 and l̄ 2 defined in Ref.@15#!. In order for the
amplitudesA p0→gg, A N, andA C to be independent of the
subtraction scalem, the parameterst, t8, t9, g12 andg128
must be separately scale independent. This requires
09400
o

nt

at

dg12 , anddg128 themselves are scale independent. Sin
we have not worked out the structure of the one-loop div
gences of the generalized generating functional in the
intrinsic parity sector, we could not perform these chec
explicitly.

From the above formulas, one may infer the expressi
of the amplitudes in the standard case@25,26#. Since only the
result for the neutral amplitudeA N was displayed explicitly
in Ref. @25#, and the expressions of the amplitudesA i

C in the
charged channel are only available from the unpublish
work @26#, we describe in some detail the necessary step
obtain them. Their general structure is of course unchang
the differences occur only in the expressions of the vari
combinations of low-energy constants that are involved.
particular, the contributions fromL(0,3) , L(2,2) , L(0,4) , and
L (4,2)

2 are relegated to higher orders. For the remaining c
stants, the correspondence with the usual SChPT notatio
given as follows:

m̂jst
(2)5

Mp
2

16p2Fp
2 S l̄ 41 ln

Mp
2

m2 D ,

ast511
Mp

2

32p2Fp
2 ~4 l̄ 423 l̄ 321!,

bst511
Mp

2

8p2Fp
2 ~ l̄ 421!,

g00,st50,

g12,st52
Mp

2

72p2Fp
2

,

g12,st8 58Mp
2 S A72A81

2A122A13

2B D
2

Mp
2

32p2Fp
2

ln
Mp

2

m2
. ~4.23!

We have checked that upon substituting these express
into the one-loop amplitudesA N and A C given above, we
3-10
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recover the results of the standard case, up to the contr
tions from the counterterms contained int and t8, which
were not included in Refs.@25,26#.

V. COUNTERTERM ESTIMATES
AND NUMERICAL RESULTS

In order to make numerical estimates for the cross s
tions based on theO(p6) amplitudes, we first need to fix o
estimate the values of the various counterterms involved

~i! l1,l2. At orderO(p4), these parameters are related
l̄ 1 and l̄ 2 through Eq.~4.7!. The values of these low-energ
constants in the standard case have been the subject o
merous studies in the literature@15,35–38#. A first determi-
nation at orderO(p4) was given in Ref.@15#, using informa-
tion from the D-wave p-p scattering lengths. The
corresponding values, taken from a recent numerical rean
sis @39#, are

l̄ 1,GL522.1564.30, l̄ 2,GL55.8461.72, ~5.1!

leading to

l1,GL5~27.3569.06!31023,

l2,GL5~10.5763.63!31023. ~5.2!

The parametersl1 and l2 can also be determined directly
via a set of rapidly convergent sum-rules@40#, from the
knowledge, at two-loop order, of thep-p scattering ampli-
tudeA(sut,u) in GChPT@12#, and from medium energy dat
on p-p phase shifts. The values obtained this way cor
spond to a determination at orderO(p6). They depend only
very weakly on the values of the parametersa andb when
the latter are varied within the ranges specified below,
read

l15~26.162.2!31023, l25~9.660.5!31023.
~5.3!

These values are compatible with those given in Eq.~5.2!,
but are affected by much smaller error bars. The anal
may even be refined in the standard case, using the infor
tion on the SChPT two-loopp-p amplitude obtained in Ref
@37#, leading to the following values@38#:

l1,st5~25.762.2!31023, l2,st5~9.360.5!31023.
~5.4!

~ii ! a,b. At leading order,a is directly correlated to the siz
of the condensate, see Eq.~1.12!. As such, the value ofa is
not predicted by GChPT, but remains a free parameter,
cana priori be varied in the range 1&a&4. At orderO(p4),
the relationship betweena and the ratio 2m̂B/Mp

2 becomes
more complicated, as shown in Eq.~4.5!. The corresponding
next-to-leading and next-to-next-to leading corrections h
been estimated in Ref.@12# ~see in particular the Figs. 8 an
10 in that reference!. Notice that the analysis of Ref.@12#
was done within the framework ofSU(3)L3SU(3)R chiral
perturbation theory. Working with only two light flavors a
in the present paper might further reduce the uncertaintie
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the correspondence between the value ofa and the size of
the condensate, due to the lower number of unknown co
terterms involved, and due to the absence of large contr
tions from the chiral logarithms induced by the kaon loo
@41#. However, the results of Ref.@12# are sufficient for our
present purposes, and we shall not pursue that matter fur
Once a is given, the parameterb is also constrained by
low-energy p-p data. The correlation betweena and b,
which results from the Morgan-Shaw universal curve@42#,
has also been studied beyond leading order in@12#, and is
summarized in Fig. 6 of that reference. For the subsequ
numerical analyses, we shall take the values given in Tab
The values given in the second line of this table corresp
to the one-loop valuesast andbst of the standard case, whic
follow from the expressions given in Eq.~4.23!, and from the

values l̄ 352.962.4 @15#, l̄ 454.460.3 @43#. Two points are
worth being remembered. The first is that, independently
the value ofa, b stays close to unity. The second point
that the standard case allows us to make a very precise
diction for the value ofa at orderO(p4), viz. ast51.06
60.06. Furthermore, this value is barely affected by the c
rections at orderO(p6): The analysis of Ref.@38#, based on
the results of@37#, gives ast51.0760.01 andbst51.105
60.015 at next-to-next leading order. Therefore, any sign
cant deviation of the value ofa from unity would provide
evidence for a departure from the standard scenario of ch
symmetry breaking with a strong condensate.

~iii ! t,t8,t9. The constantst, t8, and t9 appear in the ex-
pression of thep0→gg amplitude~4.3!. The uncertainty on
the experimental value of the decay rate@5#, G(p0→gg)
57.7460.56 eV, only yields a very weak constraint on th
combination that appears inA p0→gg, viz. m̂t1Mp

2 t8

1m̂2t95(0.063.6)31022. This is comparable to the est
mate one would obtain through naive dimensional analy
@44#. In addition, as shown in Ref.@45#, isospin breaking
effects can be sizable inA p0→gg. Further information may
be obtained by making use of the sum-rules considered
Ref. @45#. The corrections due tot8 were however not taken
into account there, but the analysis of@45# is easily extended
to the more general situation. In the generalized case, a s
lar set of sum rules can be established, but they do not y
complete information on the three constantst, t8, andt9. We
have summarized this analysis in Appendix B for the int
ested reader. Here, we only quote the values that we shal
in the sequel~the estimate fort9 follows from naive dimen-
sional analysis!,

TABLE I. Values ofb, g00 andg12 for different values ofa.

a b g003103 g123103

1.0660.06 1.10360.008 0 23
1.5 1.0660.06 863 25.760.8
2 1.0760.06 1665 28.461.6
2.5 1.0860.06 2468 211.062.4
3 1.1160.06 32610 213.763.2
3-11
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FIG. 2. The cross section
sC(s,a) ~in logarithmic scale! for
gg→p1p2p0 as a function of
the center of mass total energy
for three values ofa, compared to
the corresponding curves for th
tree level cross sections tree

C (s,a).
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m̂t5~6612!31023, Mp
2 t85~2363!31023,

m̂2t9;6131023. ~5.5!

~iv! g00,g12 ,g128 .The main difficulty in obtaining numeri-
cal estimates for these parameters comes from the lac
knowledge, in the generalized case, on the contributi
from the low-energy constants ofL (2,2)

1 . In the spirit of vec-
tor meson dominance~VMD !, we have estimated the contr
butions of vector mesons to the two amplitudesA N andA C,
as done in Ref.@25# for the standard case. This way, we fin
that t, t8 and t9 receive no contribution, whereas the cont
bution tog00, g12 , andg128 read

g00uVMD5g12uVMD50, g128 uVMD52
3

4

Mp
2

MV
2

;20.024.

~5.6!

We take Eq.~5.6! as the values of these constants at the sc
m;MV5770 MeV, and estimate the error associated to
VMD approximation and to the presence of the low-ene
constants fromL(2,2)

1 in the expressions ofg00 and ofg12 by
varying the scalem of the corresponding chiral logarithm
between 500 MeV and 1 GeV. The resulting values forg00

and g12 are shown in Table I. In the case ofg128 , we
obtain a constant value which, to a very good precision
compatible with zero.

With the above inputs at hand, we may now conside
few numerical applications. In Fig. 2, we have plotted t
tree-level and one-loop cross sections for the charged c
nel, s tree

C (s,a) and sC(s,a) in the threshold region 3Mp

<As<0.5 GeV, where we expect the one-loop expression
the amplitude to be reliable, and for different values ofa.
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We have usedMp65Mp05135 MeV in the amplitude and
the experimental values, as quoted in@5#, in the phase space
integrals.

Let us first concentrate on the standard case (a;1)
which has been discussed before in the literature. In the
ergy region that we are considering, the correction as co
pared to the tree-level cross section does not exceed 30
we consider the central values, except very close to thre
old, where it can reach 60%. This agrees with the unp
lished result@26#, but is much less than previously found
@25#. On the other hand, the error bars induced by the un
tainties attached to the various counterterm contributions
enter theO(p6) amplitude are important. A closer analys
~see also below! reveals that the main contribution come
from the uncertainty on the value ofl1 given in Eq.~5.4!.
This shows also that the sensitivity of the cross section
the O(p6) counterterms becomes already sizable even
such low energies. Coming now to the dependence with
spect toa, we see that here also the higher order correcti
have a deep influence and upset the situation that prevaile
tree level. Fora>2 the one-loop cross sections are su
pressed as compared to their tree-level values, and bec
even smaller thansC(s,1) as the energy increases. The co
rections to the tree-level results are largest in the vicinity
the threshold, where however the cross sections rapidly d
to zero. In the second half of the energy region shown in F
2, the relative corrections in the cross sections amoun
50% or less, which is a typical size of one-loop effects. U
fortunately, the present theoretical error bars make it diffic
to disentangle in practice the different situations, as far as
dependence ona is concerned, from the knowledge of th
total cross section alone.

The cross sectionss tree
N (s,a) andsN(s,a) in the neutral

channel have been plotted in Fig. 3. Whereass tree
N (s,a)

;a2, the corrections are seen to have an even more dra
3-12
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FIG. 3. The cross section
sN(s,a) ~in logarithmic scale! for
gg→p0p0p0 as a function of the
center of mass total energy, fo
three values ofa. Also shown are
the corresponding curves for th
tree-level cross sections tree

N (s,a).
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influence on the behavior of the cross section as a functio
energy than in the charged channel. Unfortunately, as fa
the dependence ona is concerned, the picture is again total
blurred by the uncertainties, which, for the sake of clari
we have not shown, but which are even more important t
in the charged case. On the other hand, the loop correct
to the tree-level cross sections are very large, even at s
energies. One might think of ascribing this feature to the f
that, contrary to the charged channel, the neutral proces
described by a single amplitude at tree level, while the lo
corrections bring in additional amplitudes, which might th
result into similar destructive interference effects as in
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charged case. However, this would still require that the o
loop corrections be comparable to the tree-level contri
tions.

Actually, this happens to be the case, as follows from F
4, where the cross sections obtained by taking into acco
the contributions fromA 1

N only have been plotted for differ
ent values ofa. While the error bars are now small enoug
in order to distinguish thea dependence, the one-loop co
rections however are indeed very important, and a clo
analysis reveals that they are almost completely domina
by the contribution of the pole part in Eq.~4.1!, given by the
off-shell amplitudeA 00;00 displayed in Eq.~4.4!. At tree
FIG. 4. The cross section
sA

1
N(s,a) for gg→p0p0p0 ob-

tained by taking into account the
contribution from the amplitude
A1

N alone, for different values of
a.
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FIG. 5. The histogram of the
distribution of the invariant mass
mp1p2 of the two final charged
pions in the process gg
→p1p2p0 for different values
of a and As<Emax50.6 GeV.
Also shown are the curves corre
sponding to the same distribution
but from the lowest order ampli-
tude alone.
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level, this amplitude is constant and given byaMp
2 /Fp

2 . At
threshold (p12

2 5p23
2 5p13

2 54Mp
2 ), the corrections to this

tree-level value represent 110% fora51, 70% fora52, and
60% for a53, and they are dominated by the momentu
dependences which arise at the one-loop level~the correc-
tions induced byl1 and l2 alone do not exceed 30%!. As
one moves away from threshold, these corrections
ReA 00;00, which remain always positive, become ev
larger. At this stage, it is hard, without doing an explic
calculation much beyond the scope of the present work
assess the effects of higher order corrections onsN(s,a). On
the other hand, if we consider what happens for the on-s
p0p0→p0p0 amplitude, which is given, at thep0p0 thresh-
old p12

2 54Mp
2 , p23

2 5p14
2 50, by the combinationa0

012a0
2 of

p2p scattering lengthsal
I , we can at least see a possibili

why these corrections could be small after all. Fora51, the
one-loop corrections represent an increase of 60% in
value of thea0

012a0
2, whereas they only amount to 25% fo

a0
0 and to less than 5% fora0

2 @15#. The two-loop corrections
to a0

012a0
2 are however small, around 6% fora51 @37,38#.

Similar statements can be made for different values oa
and/or for the behavior of the cross section for elastic s
tering of neutral pions in the low-energy domain.

Thus, in both channels the origin of the large error bar
a consequence of the highly destructive interferences
tween the various amplitudes. In the charged case, this in
ference was already present at tree level, and is even so
what enhanced by the loop effects. In the neutral case,
stronga dependence of the single amplitude that contribu
at lowest order is, in a similar way, washed out by the int
ferences between the two one-loop amplitudesA 1

N andA 2
N .

In the latter case, the importance of the interference effe
with the second amplitudeA 2

N appears clearly upon compa
ing Figs. 3 and 4~for the standard case, a similar observati
was already made by the authors of Ref.@25#!. Unfortu-
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nately, we have not found a simple way to extract the c
tribution from A 1

N only; for photons with perpendicular po
larizations, the two amplitudes contribute, and t
destructive interference between them is again at work, w
for photons with parallel polarizations, only the very sm
contribution from A 2

N , which vanishes at tree level, i
singled out. We have therefore tried to investigate whet
looking at more refined observables than the total cross
tions allows us to reach better perspectives from the poin
view of the dependence with respect toa. We have, for
instance, considered the invariant mass distribution of
two charged pions in thegg→p1p2p0 channel. The result
is shown in Fig. 5. As one may observe, the error bars
much less important than for the total cross section, and
different values ofa can be distinguished over a substant
portion of the energy range that has been considered. A
ally, analyses of this type usually require sufficiently hig
statistics, which also represents a problem in the pres
case.

Indeed, in both channels, the cross sections are very s
at low energies, orders of magnitude below, for instance,
corresponding cross sections for thegg→pp processes. We
have therefore also estimated the numbers of events
could be expected at ane12e2 collider for the two-photon
total invariant massAs below a maximal energyEmax. As
typical examples, we have considered two instances of s
metric e12e2 colliders. The first case corresponds to t
Daphnef-factory @21#, with a total beam energy ofEbeam
5510 MeV, and a nominal integrated luminosity of
3106 nb21 per year. The second case concerns at-charm
factory configuration@46#, with a beam energy four times a
large as for Daphne, and a design integrated luminosity
107 nb21 per year. The numbers of events are obtained u
convoluting the above cross sections with the correspond
photon luminosities quoted in@47# ~since we are not inter-
3-14
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TABLE II. Number of events forgg→p1p2p0 and for gg→p0p0p0 at a t-charm factory as a
function of the maximal energyEmax~GeV!, and the principal sources of error.

Mode Emax(GeV) a #events D~#events! Dl1 Dl2 Db Dm̂t

1 16 4 3.3 1.3 0.3 1.3
0.50 2 11 1 1 0.2 0.2 0.4

3 12 2 1 0.6 1.8 0.5
1 56 11 9.7 3.6 0.6 3.5

p1p2p0 0.55 2 40 5 4.5 1.3 0.1 1.8
3 38 3 0.2 0.6 3.1 0.1
1 327 56 50 18 1.8 14

0.60 2 273 39 35 11 2.7 10
3 246 26 24 5.7 4.4 7.3

1 14 7 5.9 2.7 0.7 2.3
0.50 2 1 2 1.2 0.6 1 0.5

3 5 4 2.6 1.2 2.6 1.3
1 42 18 15.8 7.2 1.8 5.6

p0p0p0 0.55 2 8 9 5.9 2.7 4.8 2.1
3 6 3 1.7 0.8 2.0 1.0
1 211 81 71 32 6.3 19

0.60 2 91 59 45 20 28 12
3 51 34 26 12 15 6.6
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ested in resonanth production, whenever necessary w
avoided theh peak by applying a cut onmgg such that only
the events withmgg,Mh2D or mgg.Mh1D, with D
520 MeV are accepted!,

dLgg

dmgg
5

4

mgg
S a

p
ln

Ebeam

me
D 2

3@2~21z2!2 ln z2~12z2!~31z2!#, ~5.7!

wheremgg5As is the photon-photon center of mass ener
z5mgg/2Ebeam, andme is the electron mass. For the lum
nosity quoted above, the expected total number ofgg
→p1p2p0 events per year at energiesAs&0.6 GeV is
around 561 for Daphne~independently ofa) and even less
in the neutral case. In the case of at-charm factory, the tota
number of events becomes sizable, and the results are sh
for the two modes, in the fourth column of Table II, fo
different choices ofEmax ~second column! and for different
values ofa ~third column!. Also shown are the correspond
ing uncertaintiesD~#events! ~fifth column!, while the re-
maining entries show various sources of contributions to
total errorD~#events!. The latter was obtained upon addin
the individual contributions in quadrature. As mention
above, the main source of error comes from the uncerta
on the value ofl1 . A sizable but not necessarily drast
reduction of the latter would already allow us to distingui
the standard case of a strong condensate (a;1) from situa-
tions where spontaneous breakdown of chiral symme
would be triggered by a much weaker condensate (a*2).

VI. SUMMARY AND CONCLUSIONS

In the present paper, the amplitudes of the processesgg
→p0p0p0 and gg→p1p2p0 have been computed in th
09400
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wn,
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framework ofSU(2)L3SU(2)R generalized chiral perturba
tion theory toO(p6) precision. The corresponding genera
ing functional has been constructed explicitly in Sec. III~see
also Appendix A!, and the structure of its divergences in th
sector of even intrinsic parity has been analyzed. The res
ing amplitudes, worked out in Sec. IV, satisfy the isosp
relations that we have established in Sec. II~to the best of
our knowledge, these relations have not been discussed
viously in the literature!. When restricted to the standar
case, specified by the choice of parameters as indicate
Eq. ~4.23!, we recover the results obtained by previous a
thors @25,26#, both in the neutral and in the charged ca
Finally, we have estimated the counterterms that enter
one-loop amplitudes and we have performed some nume
analyses in Sec. V.

As far as the chiral corrections to the total cross secti
are concerned, we have found them to be of the typical s
of one-loop effects in the charged channel. It is thus reas
ing that the delicate balance which leads to the highly
structive interference effects between the two amplitudesA 1

C

andA 2
C at tree level is not too strongly affected by the on

loop corrections. One may therefore expect that higher or
contributions will only induce small corrections. In the ne
tral channel, where we have found that the one-loop corr
tions are large, the situation with respect to higher or
corrections appears as less reliable. These important
loop effects can be ascribed to the peculiarities of the am
tude A 00;00(s,t,u), for which the two-loop corrections ar
however very small, at least in the physical region for elas
low-energyp0p0→p0p0 scattering. We have also show
that the uncertainties associated with the counterterm e
mates induce, through the destructive interferences betw
the various amplitudes that build up the total cross sectio
large error bars, especially in the neutral channel.
3-15
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We have then considered the possible detection of th
processes at Daphne and at at-charm factory. Unfortunately
the expected number of events is rather discouraging in
first case. Depending on the actual values of the coun
terms and ona, it is hard to expect more than;5 events per
year with total invariant mass lower than 500 MeV. T
number of events increases substantially when allow
larger invariant masses, but at the expense of working in
energy region where theO(p6) expressions are probably les
reliable, since higher order terms can become important e
in the charged case. The computation at orderO(p8) would
provide a better control of higher orders, and would a
allow us to work at somewhat higher energies, thus lead
to a substantial increase of the number of events alread
Daphne. The required amount of work seems excess
though, and would make sense only if conducted in para
with a better determination ofl̄ 1 ~for instance, from a two-
loop analysis ofKl4 decays!, by far the main source of the
oretical uncertainties at present. We rather expect interes
and realistic prospects in this field to come from future m
chines, like thet-charm factory, which run at higher energ
and higher luminosity.
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APPENDIX A

In the present appendix, we give the remaining pieces of the effective Lagrangian of GChPT at orderO(p4). The part with
two powers of momenta and two powers of quark masses is given by

L(2,2)5
1

4
F2$a1^DmU1DmU~x1x1U1xx1U !&1a2^DmU1Ux1DmUU1x&1a3^DmU1U~x1Dmx2Dmx1x!

1DmUU1~xDmx12Dmxx1!&1b1^DmU1DmU~x1Ux1U1U1xU1x!&1b2^DmU1xDmU1x

1x1DmUx1DmU&1b3^U
1DmxU1Dmx1Dmx1UDmx1U&1c1^DmU1x1x1DmU&^DmU1x1x1DmU&

1c2^Dmx1U1U1Dmx&^DmU1x1x1DmU&1c3^Dmx1U1U1Dmx&^Dmx1U1U1Dmx&

1c4^DmU1x2x1DmU&^DmU1x2x1DmU&1c5^Dmx1U2U1Dmx&^Dmx1U2U1Dmx&1h3^Dmx1Dmx1&%.

~A1!

The tree-level contributions which behave asO(mquark
4 ) in the chiral limit are contained inL(0,4) , which reads

L(0,4)5
1

4
F2$e1^~x1U !41~U1x!4&1e2^x

1x~x1Ux1U1U1xU1x!&1e3^x
1xU1xx1U&1 f 1^~x1U !21~U1x!2&2

1 f 2^~x1U !31~U1x!3&^x1U1U1x&1 f 3^x
1x~x1U1U1x!&^x1U1U1x&1 f 4^~x1U !2

1~U1x!2&^x1U1U1x&21 f 5^~x1U !32~U1x!3&^x1U2U1x&1h4^x
1xx1x&1h5^x

1x&~det x1det x1!

1h6~det x1det x1!21h7~det x2det x1!2%. ~A2!

Finally, in Table III we also provide the list ofb-function coefficients which describe the renormalization scale depend
of the various low-energy constants.5

APPENDIX B

In this appendix, we give a brief description of our analysis of the anomalous countertermsA2 , A3 , A4 , andA6 which is
based on the approach of Ref.@45#. The starting points are the invariant amplitudesPVVP(p2,q2,r 2) andPVVP

0 (p2,q2,r 2) of

5These results have also been established independently by L. Girlanda, private communication, to M.K. and@41#. The renormalization of
the L(4,0)

1 counterterms has, of course, already been obtained before in@15#.
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the vector-vector-pseudoscalar three-point correlation functions in the three flavor chiral limit~we take the definition given by
Eqs.~3! and~4! of @45#!. At p25q250, the loop contributions vanish, and one has~notice the absence of the pion pole in th
second equality!

PVVP~0,0,r 2!5
2B0Nc

16p2r 2
1

1

4p2
@8A4216B0~A222A3!#,

PVVP
0 ~0,0,r 2!5

1

4p2
@8A4124A6#. ~B1!

In the chiral limit, the counterterms fromL(4,2)
2 do not contribute, so that the above result holds both in SChPT and in GC

Although the contributions from the low-energy constantsA2 andA3 from L6,0
2 were omitted in@45#, one may follow the same

steps as described there~we have also kept the same notation!, and end up with the following set of sum rules:

1

4p2
@8A4216B0~A222A3!#52

B0

2MV
2 H F0

2

MV
2

1
Nc

4p2 S MV

M P
D 2

tanQ
A~p8→gg!

A~p→gg! J , ~B2!

and

1

4p2
@24A6116B0~A222A3!#52

3

8

B0Gh8

Mh8
2

A6A~h8→gg!. ~B3!

TABLE III. Scale dependence of the low energy constants.

X F2
•GX X F2

•GX X GX

A 3B2 j (2) 4B l1
1

3

ZP
2

3

2
B2 r1

(2) 24B(A1ZP) l 2
2

3

h0 0 r2
(2) 24B(A23ZP) l 5 2

1

6

h1 6B2 r3
(2) 2B(A13ZP) l 6 2

1

3

r4
(2) 2B(3A1ZP) h2

1

12
r5

(2) 4B(A22ZP)

X F2
•GX X F2

•GX

a1 22ZP e1 24A2222(ZP)2220AZP

a2 212ZP e2 24A2216(ZP)2212AZP

a3 0 e3 212A2264(ZP)2248AZP

b1 6(A1ZP) f 1 3A2115(ZP)2112AZP

b2 22(A1ZP) f 2 2A218(ZP)2110AZP

b3 0 f 3 4A2124(ZP)2120AZP

c1 2(A12ZP) f 4 26(ZP1A)ZP

c2 0 f 5 2A218(ZP)2110AZP

c3 0 h4 4A218(ZP)218AZP

c4 2A h5 24A2232(ZP)2228AZP

c5 0 h6 4A216(ZP)218AZP

h3 0 h7 214(ZP)2
094003-17



io

d as

are the

f a

r
ed

Ll. AMETLLER, J. KAMBOR, M. KNECHT, AND P. TALAVERA PHYSICAL REVIEW D 60 094003
In addition, one needs to know the expression of the amplitude of the two-photon decay of theh, A(h→gg)5

2t1(k,e,k8,e8)A h→gg, which, in analogy to thep0→gg amplitudeA p0→gg of Eq. ~4.3!, may be written as

A h→gg5
e2

4A3p2Fp
FFp

Fh
1

1

3
m̂~522r !t1

128

3
m̂~12r !A61Mh

2 t81m̂2 t̃ 9~r !1
2

3
m̂2~112r 2!a3G . ~B4!

In this last expression,t and t8 are related toA2 , A3 , andA4 according to Eq.~4.9!, while r stands for the quark mass rat
ms /m̂, andm̂2 t̃ 9(r ) denotes the corrections coming fromL(4,2)

2 , which can be of the ordersO(m̂2), O(m̂ms), andO(ms
2).

In the standard case, the two last terms in Eq.~B4! would appear only at higher orders, and one may thus procee
described in Ref.@45#. At the order we are working, the quark mass ratio is then given asr st5r 2[2MK

2 /Mp
2 21;25.9 @16#.

Using the numerical values given in@45#, one obtains, from Eqs.~B2! and ~B3!, respectively,

m̂A4,st2Mp
2 ~A222A3!st5~25.961.8!31024 ~B5!

and

3m̂A6,st1Mp
2 ~A222A3!st5~22.160.4!31023. ~B6!

Upon using the experimental rate forh→gg @5#, we then determine the combination

Mp
2 ~A222A3!st5~161!31023. ~B7!

Adding errors in quadrature, the previous results give

m̂tst1Mp
2 tst85~1.768.2!31023, ~B8!

which is four times more accurate than the value obtained directly from the experimental rate ofp0→gg. For the separate
pieces, we obtain

m̂tst5~4.4610.8!31023, Mp
2 tst85~22.762.7!31023. ~B9!

In the generalized case, the analysis may, unfortunately, not be pursued quite that far. The main drawback
corrections fromL(4,2)

2 , which in particular produce potentially largeO(ms
2) corrections to theh→gg decay amplitude, and

on which the sum-rules~B2! and~B3! give no information. If one restricts the analysis to the orderO(p5) precision, then the
contributions fromL(6,0)

2 are also absent, and the situation becomes even simpler than in the standard case, since@cf. Eq. ~1.4!#
the left-hand sides of the sum-rules~B2! and~B3! now only involveA4 andA6 , respectively. Keeping in mind thatr is now
a free parameter (a andr are however related, see@17#!, and taking the necessary inputs from@45#, theO(p5) determination
of A4 andA6 reads

m̂A452
Nc

32S ul~r !MS
22~12l~r !!2Mp

2 u

M P
2 2MS

2 D 1/2
Mp

M P

A~p8→gg!

A~p→gg!
1•••, ~B10!

m̂A652
3p2

32

Mp

Mh8
S l~r !2

DGMO

~r 21!2D 1/2

FpA~h8→gg!1•••, ~B11!

where the ellipses stand for higher order corrections,l(r )52(r 22r )/(r 221) andDGMO[(3Mh
224MK

2 1Mp
2 )/Mp

2 ;23.6.
For r 5r 2 , the above expressions give values compatible with the previous SChPT analysis. Furthermore, asr decreases~i.e.,
asa increases!, the variation ofm̂t stays within the bounds given in Eq.~B9!. On the other hand, in the extreme case o
vanishing condensate, theL(6,0)

2 contributions to the two sum rules also disappear, and the expressions~B10! and ~B11!
become exact at orderO(p6). Finally, if we use the two sum rules in order to expressA4 andA6 in terms ofA222A3 in the
expression~B4!, we obtain an estimate of a combination ofA22A3 , m̂2 t̃ 9(r ) andm̂2a3 , which is not very sensitive to the
value ofr and compatible with the value~B7! obtained in the standard case forMp

2 (A222A3). Thus, within reasonable erro
bars, the values oft and t8 can be taken independent ofr. For the numerical analyses presented in the text, we have us

m̂t5~6612!31023, Mp
2 t85~2363!31023. ~B12!
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s

tt

tr
,
m
n

re

tt

. D
e
in
i,

cl

or
G.

-
e

io

nd

1,

D

r-

997

ys.

v. D
cl.

E.

ys.

-

cl.

9,

rgy

,

,

LOW-ENERGY PHOTON-PHOTON FUSION INTO THREE . . . PHYSICAL REVIEW D 60 094003
@1# C. Vafa and E. Witten, Nucl. Phys.B234, 173 ~1984!.
@2# G. ’t Hooft, in Recent Developments in Gauge Theories, edited

by G. ’t Hooft et al. ~Plenum, New York, 1980!; Y. Frishman,
A. Schwimmer, T. Banks, and S. Yankielowicz, Nucl. Phy
B177, 117 ~1981!; S. Coleman and B. Grossman,ibid. B203,
205 ~1982!.

@3# J. Preskill and S. Weinberg, Phys. Rev. D24, 1059~1981!.
@4# M. Gell-Mann, R. J. Oakes, and B. Renner, Phys. Rev.175,

2195 ~1968!; S. Glashow and S. Weinberg, Phys. Rev. Le
20, 224 ~1968!.

@5# Particle Data Group, G. Casoet al., Eur. Phys. J. C3, 1
~1998!.

@6# J. Stern, ‘‘Two alternatives of spontaneous chiral symme
breaking in QCD,’’ Report No. IPNO-TH-97-41
hep-ph/9801282; contribution to the 205. WE-Heraeus Se
nar, Bad Honnef, Germany, 1998, edited by J. Bijnens a
U.-G. Meissner, hep-ph/9901381.

@7# J. Stern, inChiral Dynamics: Theory and Experiment, edited
by A. M. Bernstein, D. Drechsel, and T. Walcher, Lectu
Notes in Physics 513~Springer-Verlag, Berlin, 1998!.

@8# I. I. Kogan, A. Kovner, and M. Shifman, Phys. Rev. D59,
016001~1999!.

@9# J. Comellas, J. I. Latorre, and J. Taron, Phys. Lett. B360, 109
~1995!.

@10# C. Arvanitis, F. Geniet, J. L. Kneur, and A. Neveu, Phys. Le
B 390, 385~1997!; J. L. Kneur, Phys. Rev. D57, 2785~1998!.

@11# N. H. Fuchs, H. Sazdjian, and J. Stern, Phys. Lett. B269, 183
~1991!; J. Stern, H. Sazdjian, and N. H. Fuchs, Phys. Rev
47, 3814~1993!; M. Knecht, B. Moussallam, and J. Stern, Th
p-p Amplitude in Generalized Chiral perturbation Theory,
The Second Dafne Physics Handbook, edited by L. Maian
G. Pancheri, and N. Paver, 1995; J. Stern, Nucl. Phys. B~Proc.
Suppl.! B39, 253 ~1995!.

@12# M. Knecht, B. Moussallam, J. Stern, and N. H. Fuchs, Nu
Phys.B457, 513 ~1995!.

@13# G. Ecker, Prog. Part. Nucl. Phys.35, 1 ~1995!; J. Stern, in
Proceedings of theWorkshop on Physics and Detectors f
DaFne ’95, edited by R. Baldini, F. Bossi, G. Capon, and
Pancheri, Frascati Physics Series Vol. IV~INFN-LNF SIS-
Ufficio Pubblicazioni, 1995!, hep-ph/9510318; M. R. Penning
ton, in DAPHCE Workshop on Hadron Dynamics with th
New DaFne and TJNAF Facilities, Frascati, Italy, 1996@Nucl.
Phys. A623, 189c ~1997!; H. Leutwyler, ibid. A623, 169c
~1997!.

@14# S. Weinberg, Physica A96, 327 ~1979!.
@15# J. Gasser and H. Leutwyler, Ann. Phys.~N.Y.! 158, 142

~1984!.
@16# J. Gasser and H. Leutwyler, Nucl. Phys.B250, 465 ~1985!.
@17# M. Knecht and J. Stern, in Generalized Chiral Perturbat

Theory, in The Second Dafne Physics Handbook@11#; M.
Knecht, Nucl. Phys. B~Proc. Suppl.! B39, 249 ~1995!.

@18# S. Weinberg, Phys. Rev. Lett.17, 616 ~1967!.
@19# L. Rosseletet al., Phys. Rev. D15, 574 ~1977!.
@20# See, for instance, the contribution of J. Lowe inChiral Dy-

namics: Theory and Experiment@7#, p. 375.
09400
.

.

y

i-
d

.

.

n

@21# J. Lee-Franzini, in Status of Daphne and KLOE, The Seco
Dafne Physics Handbook@11#.

@22# B. Adevaet al., proposal to the SpSLC, CERN/SPSLC 95-
SPSLC/P 284.

@23# S. Adler, B. W. Lee, S. B. Treiman, and A. Zee, Phys. Rev.
4, 3497~1971!.

@24# J. W. Bos, Y. C. Lin, and H. H. Shih, Phys. Lett. B337, 152
~1994!.

@25# P. Talavera, Ll. Ametller, J. Bijnens, A. Bramon, and F. Co
net, Phys. Lett. B376, 186 ~1996!.

@26# P. Talavera, Ph.D. dissertation, Universitat de Barcelona, 1
~unpublished!.

@27# H. W. Fearing and S. Scherer, Phys. Rev. D53, 315 ~1996!.
@28# J. Bijnens, G. Colangelo, and G. Ecker, J. High Energy Ph

9902, 020 ~1999!.
@29# J. Bijnens, Int. J. Mod. Phys. A8, 3045~1993!.
@30# D. Issler, Report No. SLAC-PUB-4943~1989; revised 1990!.
@31# R. Akhoury and A. Alfakih, Ann. Phys.~N.Y.! 210, 81 ~1991!.
@32# J. F. Donoghue and D. Wyler, Nucl. Phys.B316, 289 ~1989!.
@33# J. Bijnens, A. Bramon, and F. Cornet, Z. Phys. C46, 599

~1990!.
@34# G. Chew and S. Mandelstam, Phys. Rev.119, 467 ~1960!.
@35# C. Riggenbach, J. Gasser, and J. F. Donoghue, Phys. Re

43, 127 ~1991!; J. Bijnens, G. Colangelo, and J. Gasser, Nu
Phys.B427, 427 ~1994!.

@36# M. R. Pennington and J. Portole´s, Phys. Lett. B334, 399
~1995!; D. Toublan, Phys. Rev. D53, 6602~1996!; B. Anan-
thanarayan and P. Bu¨ttiker, ibid. 54, 5501~1996!; G. Wanders,
ibid. 56, 4328~1997!.

@37# J. Bijnens, G. Colangelo, G. Ecker, J. Gasser, and M.
Sainio, Phys. Lett. B374, 210 ~1996!; Nucl. Phys.B508, 263
~1997!.

@38# L. Girlanda, M. Knecht, B. Moussallam, and J. Stern, Ph
Lett. B 409, 461 ~1997!.

@39# J. Gasser, in Thepp Scattering Amplitude in Chiral Perturba
tion Theory, The Second Dafne Physics Handbook@11#.

@40# M. Knecht, B. Moussallam, J. Stern, and N. H. Fuchs, Nu
Phys.B471, 445 ~1996!.

@41# L. Girlanda and J. Stern, Report No. IPNO-TH/99-0
hep-ph/9906489; L. Girlanda~in preparation!.

@42# D. Morgan and G. Shaw, Nucl. Phys.B10, 1387~1969!.
@43# J. Bijnens, G. Colangelo, and P. Talavera, J. High Ene

Phys.05, 014 ~1998!.
@44# A. Manohar and H. Georgi, Nucl. Phys.B234, 189 ~1984!; H.

Georgi and L. Randall,ibid. B276, 241 ~1986!; H. Georgi,
Phys. Lett. B298, 187 ~1993!.

@45# B. Moussallam, Phys. Rev. D51, 4939~1995!.
@46# Proceedings of theThird Workshop on the Tau–Charm Fac-

tory, Marbella (Spain), 1–6 June 1993, edited by J. Kirkby
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